HOMOGENEOUS HYPERCOMPLEX STRUCTURES II - COSET SPACES 

OF COMPACT LIE GROUPS 



GEORGE DIMITROV AND VASIL TSANOV 

Abstract. We obtain a complete classification of hypercomplex manifolds, on which a 
compact group of automorphisms acts transitively. The description of the spaces as well as 
the proofs of our results use only the structure theory of reductive groups, in particular the 
notion of "stem" of a reduced root system, introduced in the first paper of this series. 
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1. Introduction 

This paper is the second part in a series. In the first part [6] we introduced a remarkable 
subset^ of a reduced root system, called the stem F = r(A+). Using this we obtained a 
complete description of all left-invariant hypercomplex structures on a compact Lie group 
U. 

Here we describe all left-invariant hypercomplex structures (for brevity we often write 
LIHCS further) on a coset space M = U/K„, where U is a compact, connected Lie group 
and Ku is a closed subgroup. In particular we describe all simply-connected, compact, 
homogeneous, hypercomplex spaces. We have chosen to assume that U acts effectively on 
M (we always may), with this restriction the underlying manifold of U, does not in general 
admit a LIHCS, but factoring by an appropriate subgroup K^, we may get a coset space M, 
which carries a LIHCS. 

Nevertheless, it is natural to try to obtain a homogeneous hypercomplex coset space 
starting with a group U, which admits LIHCS and factoring by a subgroup K„, which 
is invariant under the given LIHCS. A careful reading of [6J and the present arguments 
should convince the reader that the idea works. 

Following this idea in section [3] we define the notion of hypercomplex pair, a pair (u, ^u) of 
compact Lie algebras u D ^„ satisfying certain conditions, essentially expressed in terms of 
the stems of the (reductive) complexifications g, t of u, respectively. 

Further we construct a LIHCS on any coset space U/K„ provided that the pair of Lie 
algebras (u, ty) corresponding to U, K„ is a hypercomplex pair and is connected. 

In Section m we prove that if U/K^ admits a LIHCS then (u, tu) is a hypercomplex pair 
and the LIHCS has the form described in Section [3l For the sake of completeness, in the first 
part of this section we describe in detail and prove (some maybe known) structural results 
on the nonkaehler complex homogeneous spaces. 

Actually in sections [3|, H] we solve the invariant hypercomplex equations on a coset space 
U/K„: 

/, J e CZi^/^u, End{TiV/K^)) 
Jo J = -Jo/, /2 = j2 = _i^ Nj = Nj = 0, 

where Nj, Nj are the Nijenhuis tensors of /, J respectively. So, we find all LIHCS on U/K^ 
and describe them on the language of the stem. 

In section [5] we show that the hypercompex pairs (u, iu) with semi-simple u are composed of 
SM-algebras. Then we show that any compact, simply connected homogeneous hypercomplex 



determined by a choice of a basis, that is up to the Weyl group action 
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space is associated to a hypercompex pair (u, tu) with semi-simple u. Finally, using our 
description of semisimple hypercomplex pairs we give complete list of the HC spaces. 

Thus we give, in terms of structure theory only, a complete classification of the homoge- 
neous hypercomplex spaces with a transitive action of a compact group. 

Less explicit results under additional constraints on the input data in the context of 
differential geometry have appeared in [2j. 

There is still a large class of compact homogeneous hypercomplex spaces unclassified, 
essentially those obtained from a hypercomplex structure on a nonabelian noncompact Lie 
group, by factorization with an uniform lattice. 

2. The stem revisited 

In this section we fix some notations used throughout the paper and recall the notion of 
stem, introduced in [B], and some of its properties. 

2.1. Notations. By U and u we shall denote a compact Lie group and its Lie algebra. We 
have a decomposition of u as follows 

(1) U=Cu®Us, 

where c„ is the center of u and is a semisimple subalgebra. 

We shall denote by g the complexification of u and by r - the respective conjugation. The 
complexification of ([T]) will be denoted 

= c©gs. 

By f), A,A"'",n we shall denote respectively a r-invariant Cartan subalgebra of g, the 
root system of g w. r. to f), set of positive roots , and a basis 11 of A. 
We use the following notations related to the the Cartan subalgebra f): 

f) = c©f),, where f)^ = f) n g^, {i„ = fi n u. 

For a G A, we denote g(a) = {X G q\[H,X] = a{H)X, H G ()}. 

Let ha G i)s be determined by Kill{H, h^) = a{H) for H G i)s, we denote Ha = 
{2/a{ha))ha. 

We also choose Ea G q{o) so that 

(2) T{Ea) = Ts{Ea) = —E^a, [Ea, Ejs] = Na^fiEa+p, [-^a, -E-a] = Ha- 

and the structural constants Na,j3 are integer. 

Thus {Eai \a G A} U {Hp\[5 G 11} is a Weyl - Chevalley basis of g^. Having fixed a 
r-invariant Cartan subalgebra f) and a A+, we have the standard nilpotent and Borelian 
subalgebras, which will be denoted respectively: 

n+ = g(«), n- = r(n+); b+ = n+ © f), = r(b+). 

aGA+ 
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For X, y G 0, we denote by (X, Y) an ad-invariant symmetric bilinear form such that its 
restriction to the compact real form u is negative definite. We assume that (., .) coincides 
with the Killing form on the semisimple part Qg. 

2.2. The stem. In [6j, for any C, E A+ we defined 

(3) <fj = {/3g A+l C-/3G A+}, $c = $+U (-$+). 
We proved in [6j, that there exists exactly one subset F C A+, such that 

(4) A+ = F U [J disjoint union 

7er 

and we called this F the stem of A+. By construction, the stem carries a certain uniquely 
determined partial order -< which is extremely important for the results (and proofs) in this 
paper, so we underline this fact by adopting the notation (F, -<) for the stemo 
The following properties of the stem (F, -<) will be used throughout the paper: 

Proposition 2.1. Let 7, 5 G F and a G U {7}, /3 G $| U {6} then 



(5) 6 y 'J and a±/3GA^«±/3G$+ 

(6) 5 = 7 and a + /3GA^« + /3 = 7 

(7) (5 -< 7 ^ a ± 5 ^ A, m particular a{Hs) = 0; 

(8) if not {'-f ^ 6 or '-f y 6) then a ± /3 A, in particular a{Hs) = 0; 

(9) a — 7 G A^, a + 7 ^ A, in particular a{H^) > 0; 

(10) there exists a maximal root 7 G F s. t. 7^7; 

(11) 5^7^ 3/3i,/32G<l'+ a = /3i-/32. 



Proof. First we recall (see [7], p. 456/457) that for any a,/? G A we have 2|^^ = a{Hp) = 
—p — q, where {a + nP, p < n < q} is the /3-series of a. 

Statements & follow from formulas (23), (21), (22) in Corollary 2.17 of [S], 

respectively. Now follows from a) in Corrolary 2.11 of [6j. 

We go to the proof of (fTOj) . Let A be the irreducible component of A, s. t. 7 G A. Then 
A+ = A n A"*" is a system of positive roots in A. Let's take the highest root of (A, A"*") and 
denote it by 7. Then 7 is a maximal root of (A, A"*"). From the construction of the stem in 
Proposition 2.9, [6j we know that 7 G F. From Proposition 2.15, [6j(and its proof) we know 
that <dy = A. Thus we see that 7 G 0^, which by definition (Definition 2.16 in [6]) means 
7^7. 

We go to the proof of (jH]). Let 11 be the basis of A with positive roots A+. From 
Proposition 2.9, [6J we get a sequence A = Ai D A2 D ■ • ■ D A^ of closed root subsystems 



^ If w is an automorphism of the root system A, then w(r) is the stem of ■u;(A"'"). We can recover A+ 
from the data (F, ^) but different choices of Weyl chambers may lead to the same set of roots F. 
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with bases Ilfc = 11 fl A^, corresponding sets of positive roots = A+ fl A^ D , and 
maximal roots 7^ of A^, k = 1, . . . ,d. Furthermore the stem is F = {71, 72, ... , 7^}. Let 
7 = 7i, 5 = 7j. We can assume that i < j. Now 7, 5 G A+, $+, $1 C A+. Let A', A" be 
the irreducible components of Aj, s. t. 7 G A', 6 G A". Since 7 is a maximal root of Aj, 
from Proposition 2.15, [6j we see that = A' and since 7 and S are incomparable then 
S ^ A'. Hence A' and A" are different irreducible components of Aj. Since A' and A" are 
irreducible components of Aj, 7 G A', 6 G A" and C A^ one can easily observe that 

$+ = {C G A+I7 - C e A+} c A' = {C G A+15 - C G A+} c A". 

Hence a G A' and /3 G A". Since A' and A" are different irreducible components of Aj then 
a ± /9 ^ Aj. Since Aj is a closed subsystem of A, then a ± /3 ^ A. 

Obviously, for the proof of (ITT]) it is sufficient to consider irreducible A with 6 - the highest 
root of A+. Case by case through Section 3.3 of [B] one easily verifies f lTT]) . 

□ 

Corollary 2.2. F may be represented as a sequence {71, . . . , 7^}, in which the first members 
are the maximal roots (i. e. there is a number 1 < d' < d, such that '-fi is a maximal root iff 
1 < i < d') and for any '-fi, 7j we have 7j -< 7^ ^ z < j. 

For any reductive Lie algebra q we define a number srank{Q). If g is not abelian we take 
any Cartan subalgebra f) with root system A and for any choice of a Weyl chamber we get 
a set of positive roots A"^, hence we get the stem (F, -<) of A+. From the uniqueness of the 
stem ( |6], Theorem 2.12), we see that the number 7^(F) is a well defined characteristic of g. 

Definition 2.3. If g is abelian we set srank{g) = 0. For a nonabelian reductive Lie algebra 
g we denote: srank{g) = 2^{r). 

2.3. Decompositions. At the end of this section we recall some useful decompositions 
related to the stem. Next we define important subspaces of f) and \:)u- 

Definition 2.4. We denote 

ro = spanclH^l'j G F}, = P| tr„ = in n u, o„ = n u. 

7er 

Obviously we have orthogonal decompositions: 
(12) [) = tt)©o, [)u = n)u®Ou. 

Definition 2.5. Let p = {p^|7 G F} 6e a family of complex numbers on the unit circle. For 
each 7 G A+ we denote: 

sl-y{2) = spanc{E^, E^y, H^}, su^{2) = span]R{X^,Y^,W^}. 
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Definition 2.6. As in [Q\, for each 'y ^ T, we shall denote: 

We have again orthogonal decompositions: 

(13) = o©0(s/^(2)©V^), u = o„©0(sM^(2)©V!;). 

3. Hypercomplex pairs 

3.1. Background and definition. Let / be a left-invariant complex structure on U, and 
let us denote also by / its restriction to the tangent space at the unit element, which we 
identify with u. We still denote by / the C- linear extention of / to g. Then it is well known 
(see e.g. Il4j), that we may find a r-invariant Cartan subalgebra f), a basis 11 of the root 
system A w.r. to f), and a decomposition 

f) = [)+©r, r(fi+) = r, 

so that the regular subalgebras: 

S+ = © n+, g- = i)- ® n" 

are respectively the i , — i eigenspaces of I. 

In [6j we have shown that a left-invariant complex structure / on U, presented in the 
above manner, admits a matching complex structure J (i.e. IJ = —JI) if and only if 

(14) 3 = Jm C 0, dim(U) G 4Z. 

We introduce notations for the entities related to the complex structure /: 
Definition 3.1. We denote 

u^{2) = su^{2) © RZ^, gl^{2) = sl^{2) © CZ^. 

In [B] we have shown that any invariant hypercomplex structure J, J on U splits the Lie 
algebra g in the following form 

(15) = j © 0(^7/^(2) ®V^), u = j„ © 0(m^(2) © V!;), 

where o„ = j„ © /(tti„), dim]s^{]u) G 4Z. In terms of this decomposition the hypercomplex 
structure (/, J) is defined for A G by: 

(16) IA = 2[W^,A], JA = -2[Y^,A], 
for each 7 G F it is determined on ^^(2) by: 

(17) IX^ = Y^, IW^ = Z^; JX^ = W^, JZ^ = Y^, 
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and the hypercomplex structure on j is defined by identifying it witli M.^. It is obvious tliat 
tlie decomposition subspaces j^, u^(2), are (/, J)-invariant. 

We sliall obtain a left-invariant hypercomplex structure on a coset space U/Ku, when t is 
a partial sum (of vector subspaces) 

where the subset C F and the subspace j{ C j are properly chosen, so that the above i is 
a subalgebral^. 

Taking a complement jp C j so that p = jp © jf and denoting Fp = F \ F{ we obtain a 
complement (see the decomposition (fT5|) ) of t in 

P = h® (^7®^?^7(2))- 

7er\rt 

Then we use the same formulas as in (ITB]) . (I17p to define a hypercomplex structure on p. In 
this section we carry out this program in detail. Further we prove that all LIHCS on our 
kind of coset spaces are obtained in this wajj^. We start by studying subalgebras i as above. 
We start by studying subalgebras t as above. 

Obviously, for t we have o fl £ = j{ + span(c{I {W^)}^(zTf and we can represent t as follows 

(18) (on!) + ^(s/^(2) + V^). 

76rt 

From property (fTTj) of the stem F, it follows easily that if 7, 5 G F, then 

(19) (7 G Ff and (5 ^ 7) ^ (5 G Ff. 
Furthermore, we have 

= )e ®jp ® spanc{I{W^)} ^(zr 

therefore 

(20) rank{Q) + srank{t) — rank{t) — srank{Q) = dim{jp) > 0. 
It is convenient to introduce 

Definition 3.2. A subset F{ C F, which satisfies f|T9|) . will be called a substem of (F, -<). 
We have 



such that the subgroup generated by t n u is closed 

^It is easy to see from the examples in [5] and Section [5] of this paper, that even if we discard the "toral" 
part j , the action of U will not be effective in general 
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Lemma 3.3. Let G T be a suhstem of (F, -<) and let = IJ7Gr{ "^7 ~ 
U7gre "^7 ~^}- Then there exists a subset M C F, which consists of pairwise incompa- 
rable with respect to -< elements and such that 

(21) A{ = 0^, = 9;^ disjoint unions 

7GM 7gM 

(for the definition of {0^}^gr see Proposition 2.15 in [6j^. 
The stem of is F{. 

Proof. We denote by M the set of all minimal elements in Ff (with respect to the ordering -<). 
Let us take any element a G A^ then by A^*" = IJ7erE "^7 i'^} follows that a G $^ U {7} 
for some 7 G Ff. Since Ft is finite then there exists a minimal element 5 G M such that 
5^7 and therefore 7 G 0^ and C 0^. So we see that A^ C IJ7eM ®7 • 
Let us take any 7 G M. We recall that the stem of 0+ is F fl 07 and 

(22) ©7= U "^^UW. 

Since all the elements in Fn07 are greater than 7 G F^ and by (fT9|) it follows that Fn07 C F{. 
Therefore (see (^) it follows that A+ D 0+, hence A+ D U7GM ©7 • 

Thus far, we proved (12T|) . Obviously that for any pair of different elements 7, 5 G M 
neither 7^5 nor 7^5. Hence in (l2T]) we have disjoint unions. 

For 7 G M the stem of (0^, 0+) is F fl 0^, then the stem of (A{, A+) is U^^m'^ fl 0^ = 
F n A{ = Ft and the corollary is completely proved. □ 

For a subalgebra which satisfies (fT8|) . we give a definition 

Definition 3.4. Let (F, -<) be a stem of a reductive algebra g. Let G T be a substem of 
(F, -<). A subalgebra t G g of the type (ITS]) will be called a Vi-stemmed subalgebra of g. 

We come to the most important notion in this section 

Definition 3.5. Let u D be a pair of compact Lie algebras. Let g D t 6e the complexifi- 
cations of (u, tu) ■ 

We call (u, lu) hypercomplex pair if the following conditions are satisfied: 

• dim{u) — dim{tu) > is divisible by four, 

• There exist a Cartan subalgebra C u with complexification P) C g, set of positive 
roots A+ G A w. r. to P), and stem F C A+, such that t is a Ti-stemmed subalgebra 
of Q for some substem Ft C F. 

• rank{Q) + srank{i) > rank{t) + srank{Q). 

Let (u, tu) be a hypercomplex pair. A pair of groups (U, K„) is said to be associated to 
the hypercomplex pair (u, {„), ifUisa compact, connected Lie group, u is its Lie algebra, 
K^i g\J is a closed subgroup with Lie algebra tu- 
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Throughout the rest of this section (u, iu) is a hypercomplex pair and (g, t) is its complex- 
ification. 

We assume also that we are given a pair of groups (U, K^), associated with (u, ty), where 
K„ is a connected subgroup of U| In this section we obtain a hypercomplex structure on 
any coset space M = U/K„ of this type. We shall denote by o G M the coset G U/K„. 
Let f) and F be as in Definition 13. 5[ applied to (g, i), so we have 

* = o« © 0(s/^(2) © V^), where 0^ = ^(10 

(23) 

rank{g) + srank{t) — rank{i) — srank{g) > 0, 
where is a substem of F. 

3.2. Construction of a hypercomplex structure on To(M). 

3.2.1. The subspace pu C u. Let be the orthogonal complement of iu with respect to (, ) 
and let p be the complexification of p„. We shall denote 

f)p. = n p„ f)p = f) n p f)j^ = [) n f)e = fi n « 

(24) 

Op„ = n p„ Op = n p ot„ = n K- 

In order to describe p in terms of the stem, it is convenient to introduce the following 
not at ins 

(25) Fp = F \ Ft tt)p = span^{W^\-f G Fp} rt)t = span^{W^\-f G Fj 

(26) A+ = U "^7 U {7} Ap = A+ U (-A+) A+ = IJ "^7 ^ {7} = A+ U (-A+). 

7erp jeVc 

From ([23]) we see that t — f)t + X^aeAe 0('^) '^^^ — t © p. Hence we get 
Lemma 3.6. The subspace p may be decomposed as follows: 



(27) P = f)p © 



^ a). 

aGAp 

We have i) = i)t (B 

From (fT9|) and Ff fl Fp = it follows that if 7 G Fp, 6 G Ft, then either 7 -< 5 or 7, 6 are 
not comparable, so using Proposition 12. ![ we have 

(28) 7 G Fp, /3 G At, a G a + /3 G A a + /3 G 7 ± /3 ^ A 

Lemma 3.7. rop C pu- 



^So, by assumption, for the Lie algebra we have that the subgroup of U generated by f„ is a closed 
subgroup, in addition to the properties listed in definition! 
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Proof. Let 7 G Tp. We have to prove that for all X E t we have {W-y,X) = 0. To that end 
we recall f l25]) and the properties: 

a) For each a G A the subspaces Q{a) and [) are orthogonal with respect to (, ). 

b) VKy is orthogonal to with respect to (, ). 

c) For each 5 G 7 ± 5 ^ A, in particular {W^, Ws) = 0. □ 

Corollary 3.8. The following decompositions t)p = Op © tt)p , = © Op are valid. In 
particular dim{o) = dim{Oi) + dim{Op). Furthermore, dim{l)) = dim{o) + #(F), dim{i)^) = 
dim{ot) + #(Ft). 

Proof. Since for a G A and if G f) we have a{T{H)) = — «(if),then r(o) = 0, hence 

o = o„©io„ Ot = Ot„©iot„ Op = Op„©iOp„. 

The orthogonal complement of span^{W-y\'-)' G F} in f)„ is o„, hence span.M.iW^l'y G F}©Ou = 
i)u and therefore dim{l)u) = dim{Ou) + #(F) and c/imc(f)) = dimc{o) + 7^(F). In Lemma 1X71 
we proved that PV-^ G for 7 G Fp, besides by (l23l) we have PV^ G for 7 G Ff. Since p„ is 
orthogonal to tu, in particular is orthogonal to f)t^ as well(we recall that f)f„ = fl f)u), 
hence Ot„ = fl = fl l)t^ is the orthogonal complement of span{W^\'y G F{} in f)t^, which 
implies Xv^ © Ot„ = f)t„, hence (iim(f){) = (izm(ot) + #(Ft). Besides Op„ = fl p„ = fl f)p^ is 
the orthogonal complement of span{W^\'~f G Fp} in f)p^. Thus far, we showed that 

span^iW^l'y G F} © o„ = f)„, 

"'{©ot^ = f)t„, tfpeop^ = f)p„. 

These equations together with [)u = f)t„ © f)p„ imply o„ = Ot^ © Op„. Therefore = Of © Op. □ 

Lemma 3.9. The following integers are equal to each other: 

a) rank{Q) + srank{t) — rank{t) — srank{Q) 

b) dzm{l)p) - 2#(Fp) 

c) dim{Op) - #(Fp). 

Proof. By Corollary 13.81 we have dim{o) = dim{oi) + dim{Op), besides dim{^) = dim{o) + 
7^(F), dim{i) (1 1) = dim{Oi) + #(F{). In the calculations that follow we take into account 
these equalities 

rfim(Op) - #(Fp) = dim{o) - dim{Oi) - #(Fp) = dim{[)) - #(F) 
-{dtmH) n - #(Ft)) - (#(F) - #(Ft)) = rank{Q) - rank{t) - 2#(F) + 2#(Ft) 
= ranklo) — rank{t) — srank{Q) + srank{t) 

and the equality between a) and c) is proved. The equality between a) and b) follows from 

dim{i) n p) - 2#(Fp) = ranfc(g) - rank{t) - 2(#(F) - #(Ft)) 
= rank{Q) — rank{t) + srank{t) — srank{Q). 

□ 
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Since on one hand [)p fl u and []f fl u are orthogonal to each other and on the other hand 
G [)p for 7 G Fp (see Lemma [3. 7p . G [)t for a G A{ then one can easily verify that for 
any choice of 7 G Fp, a G Af we have 

(29) 7„, = 0; a\^^ = 0. 

We recall that rank{g) + srank{t) — rank{t) — srank{g) > 0, hence, by Lemma [3^ we 
may write 

(30) dzm%) > 2#(Fp) rfzm(Op) > #(Fp). 

Let us give some comments on the dimension of Op. First of all by (130|) we have dim{Op) > 
#(Fp), therefore dim^iOpJ > #(Fp). By ([26]) we see that #(A+) + #(Fp) is even (for 
any 7 G F the set <I>;| contains of even number of elements). From (127|) it follows that 
rf^m(op) - #(Fp) = dtm{p) - 2#(Fp) - 2#(Ap+) = dtm{p) - 2(#(Fp) + #(A+)). Since dtm{p) 
is divisible by four as well as 2(#(Fp) + #(A+)), then (izm(Op) — #(Fp) is divisible by four. 
Therefore (izm(Op^) — #(Fp) is divisible by four and we can decompose Op„ as follows 

(31) Op,„ = jp„ ©3p dim^i^p) = #(Fp), dimuUpJ/A G N. 
We complexify this decomposition and obtain 

(32) Op = jp©3p^ dimc{3^) = i^{Tp), dim{),)/4eN. 
The following conditions for integrability are obvious (and well known): 

Proposition 3.10. Let C : p„ — ?■ be a complex structure on p„. Let C : p — )■ p &e the 

complexification of C. Let and be the i and {—i)-eigen subspaces of C in p. Then the 
following conditions are equivalent 

VX, F G p„ [C{X), C{Y)],^ - [X, F]p„ - C{[C{X), Y],J - C{[X, C{Y)],J = 0; 

VX,FGa^ [X,F]pGa^. 

Proposition 3.11. Let k G Aut(g) be an automorphism of Lie algebras, such that k(p) = p, 
= t. Let a C p be a subspace, such that for X,Y E a we have [X, y]p G a. Then 

VX,FGK(a) [X,r]pGK(a). 

3.2.2. The complex structure I. We define a complex structure J : p„ — p„ (with complexi- 
fication / : p ^ p) by ([31]) and ([25D) 

(33) H^p)=h HU=hu Hh)=h 

Va G Ap+ I{E^) = iE„, /(^_„) = -iE_^. 

We can rewrite (1271) and (125]) . using Corollary 13.81 and (I32p . as follows: 

(34) p =jp© ^(V^©^/^(2)) « = 0(© ^(V^©s/-^(2)), 

76rp 7Gre 

where gl'y{2) is as in Definition 13.11 
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We have 






(35) 


Pt 


= ^(CP^ + CE^ + V+) 






7erp 


(36) 


Ps 


= 5^(cg, + ci5;_, + v;) = r(p+) 






7erp 


(37) 


Ps 


= pt®Ps P = h®Ps, g = h®Ps®i 



Obviously for any choice of X, F G we have [X, Y]p G p^. We have proved: 

Proposition 3.12. Let a C jp be an arbitrary subspace o/jp. Then for any X, F G p^ + a 

we have [X, Y]^ G p^ + a. 

If we denote by p"*" and p~ the i and (— i)-eigen spaces of I, then (see (133|) ) p^ = p^ + (p''^njp) 
and from Proposition 13.121 it follows 

(38) vx,fgp± [X,r]pGp^. 

3.2.3. The complex structure J. For each 7 G F we have an inner automorphisrrQ of g 

(39) = exp (^—adX^^ 7 ^ T, 

where X^ is given in Definition 12.51 

We recall (see [6j) some properties of the inner automorphisms c^. 

Lemma 3.13. Let 7, 5 G F. Let a G $t and G f). Then 



o r = r o c^, o C5 = C5 o c^; 

(40) ^ c,{Vj)=Vj 

(41) 5 = 7 c^{E^) = —{E^ + p:^X^,_„E„_^) 

(42) c^{E^) = E^ + ip^{Y^ - W^) = p:^(X^ - iW^) 

(43) c.,{H) = H + ij{H)(Y^ + W^). 

Let us define the Cayley transform 



(44) c = n 

7er 



where multiplication is the composition of automorphisms (which commute). 



'Rather a circle of automorphisms depending on the parameter pj (see Definition I2.5P 
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By an easy computation, using Lemma I3.13[ one can derive (we recall that for 7 G Fp we 
denote = - ilW^, = + ilW^ and that IW^ G 0) 

V7 G F c(V+) = J2 '^(^- + 7^N-y,-aEe,-^) c{sl^{2)) = sL,{2) 

(45) _ 

V7 G Fp c{span{P^, E^}) = span{E^ — ip^Q-y, — ip^-E_^}, 

hence by (13^ we obtain immediately 

(46) c(«) = c(p) = p. 
Furthermore, using (HS!) we obtain (see (135|) also) 

<Pt) = J] J] C(i?„ + p7iV^,_,E,_^) 

7erp 7erp 
Now using = t(p^) and roc = corwe see that 

<Ps) = 5^ 5^ C(E_„ + p^iV^,_«E_,+^) 
76rp 

7Grp 7Grp 

Now we define a complex structure J : pu — )■ pu with complexification J : p — )■ p such that 
(we recall that dimR{)pJ/A G N and /(jp„) = jpj 

Jihu) = hu hvu ° hpu = -hpu ° hpu 

(49) J{E^) = j:,Q., J{E^^) = -p^P^ 7 G Fp 

J{Ea) = iN^-aP^Ea-y J{E^a) = -^N^-aP^E^^a aG$:J:,7GFp. 

It is easy to check that the complex structures given in (fT6l) . f |T71) define the same hypercom- 
plex structure as (H9l) . 

We see that J{ps) = ps and by fl33|) we compute J|p^ o /|p_^ = — /|p^ o J|p_^. Therefore 
Jol = -IoJ. 

Let pj and p7 be the i and (— i)-eigen spaces of J. Comparing ( 119|) and (H7|) . f HHj) . we see 
that 

Pj = c(p^) + (P^ n jp) = c{pf + (p± n jp)). 

Now Propositions I3.1H 13.121 and formula (H6|) imply 

(50) VX,FGp± [X,y]pGp±. 
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3.2.4. ad{t) -invariance of I and J. From the decomposition ( IMl) and the definitions of / and 
J (formulas f l55]) and we see that jp, and gl-y{2) for 7 G Fp are / and J invariant. 
We have (see (fT6|) also) 

(51) I\v, = adi2W^)\v„ J|v, = -arf(2K,)|v„ 7 e Fp. 

It turns out that the subspaces and gl-y{2) are a(i(t)-invariant as well, which is a 
straightforward consequence of ( 128|) and f l29|) . more precisely one may compute: 

(52) V7 G Fp, VX G ! arf(X)(V^) C V^, ad(X)(^/^(2)) = {0}. 

Lemma 3.14. The complex structures I, J give a hypercomplex structure on pu, i.e. for 
X,Y & pu we have 

[j(x), j(r)]|p„ - [x,r]|p„ - j([x, j(F)]|pj - j([j(x), r]|pj = O; 
[/(x),/(r)]|p„ - [x,F]|p„ -/([x,/(r)]|pj -/([/(x),r]|pj = o. 

Moreover for X G Y & pu we have 

(53) Ioad{X){Y) = ad{X)oI{Y), J o ad{X){Y) = ad{X) o J{Y). 

Proof. Vanishing of the Nijenhuis tensors follows from Lemma [3.101 and formulas 038 p . f lSU]) . 

Now we go to the proof of (153|) . Using (15T|) and ( l52l) we readily deduce that for 7 G Fp, 
X G € we have 

{ad{X) o /)|^^ = (/ o arf(X))|v, iad{X) o J)|v^ = (J o ac/(X))|v„ 
(a(i(X) o /)|gi^(2) = (/ o ad{X))igi^^2) = iad{X) o J)\gi^(2) = {J o ad{X))igi_^^2) = 0. 
Finally, from (129|) and since jp C f)p we see that 

Va G At =0 VX G « at^(X)|j^ = 0. 

Hence, jp being I and J invariant, for each X G t we get 

iad{X) o /)|j^ = (/ o arf(X))|i^ = (arf(X) o J),,^ = (J o arf(X))|j^ = 0. 
Using the decomposition flM|) of p, we see that for all X G ^, F G p we have 
/ o ad{X){Y) = ad{X) o I{Y) J o ad(X)(F) = ad{X) o J(r). 
Recalling that / and J commute with r, we obtain ( !53|) . □ 

So we are given a pair of groups (U, K^) with connected K„ associated with a hyper- 
complex pair (u, €„). We constructed anti-commuting complex structures / and J on p„, 
which have the properties listed in Lemma 13.141 and also we have the reductivity condition 
[€m,PJ C pu- Then, it is known (see e.g. [lOJ, Ch. X), that / and J determine left-invariant, 
integrable complex structures on the coset space U/K^, which thus becomes a compact, 
homogeneous, hypercomplex space. 
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Definition 3.15. Let (u, be a hypercomplex pair and let (U, K„) be a pair of groups 
associated with it. Let (ImiJm) be a LIHCS on M = U/K^ and let n : \J ^ M be the 
natural projection. We shall say that the homogeneous hypercomplex space (M, Im, Jm) is 
associated with the hypercomplex pair (u, t^) if the complex structures I, J on 
constructed above satisfy: 

I = ((d7r)|pj"^ o I^io) o (d7r)|p^, J = ((d7r)|pj-^ o J^j{o) o (d7r)|p^. 

In the next section we prove that any U- left- invariant, hypercomplex structure on a coset 
space U/K^ is associated with the hypercomplex pair (u, 

4. Necessary conditions 

4.1. Introduction. In this section we shall discuss a coset space M = U/K„, where U is 
a compact, connected Lie group and K„ is a closed subgroup. We shall assume that U acts 
effectively on M. Furthermore we shall assume that there are two left-invariant complex 
structures Im and Jm, which anti-commute, on M. By left-invariant we mean that all the 
left translations lu '■ M ^ M, where u varies through U, are holomorphic with respect to 
both Im and Jm- 

We are going to prove that M is associated to a hypercomplex pair. 

4.2. M as a coset space of a complex Lie group. So, we are given a compact coset 
space M = U/K^ and two complex structures Im and Jm on it. Let G/o be the identity 
component of the group of all biholomorphisms of the complex manifold (M, Im)- By results 
of Bochner and Montgomery in j3] and |1] it follows that one can define a complex structure 
on G/o, such that G/o becomes a complex Lie group and the action on the complex manifold 
(MJm) 

(54) G/o X M ^ M (/, m) G G/ X M ^ /(m) G M 

is holomorphic. 

Let 7T be the natural projection 

(55) TT : U ^ U/K„ = M 7r(e) = o. 

We are given, that U is a compact, connected subgroup of G/o which acts effectively and 
transitively on M. Let u and g/o be the Lie algebras of U and G/o, respectively. Since u 
is compact, then we have the decomposition u = c„ © (see ([1]) ). We recall [TJ page 132] 
that the semi-simple part is a compact Lie algebra also. We denote by the connected 
subgroup of U with Lie algebra u^. Since Ug is a compact, semi-simple Lie algebra, then 
(see |j7j page 133]) is a compact Lie group, hence it is a closed, compact, semi-simple 
subgroup of G/o. 

Lemma 4.1. The real subalgebra of the complex Lie algebra Qiq satisfies 

(56) u^niu^ = {0}. 

In particular the subspace + iu^ C g/o is a complex semi-simple subalgebra of Qiq, which 
is a complexification ofug, we shall denote it by Qs- 
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Proof. Let Gm be a maximal connected semi-simple subgroup of G/o, which contains Ug. 
Actually (see the proof of Theorem 2.3 in [IS]), is generated by the semi-simple part 
of a Levi-decomposition of the complex Lie algebra of G/o- Therefore Gm is a complex 
semi-simple Lie group and is its connected, compact, real Lie subgroup. Let be the 
complex Lie algebra of G^- Then the Lie algebra of U<j is a real subalgebra of g^. 

Now Gm is a connected complex semi-simple Lie group, therefore it is semi-simple as a 
real Lie group also. Let us take any compact real form b of flm- Then the subgroup B of G^ 
generated by b is a maximal compact subgroup. Let B„ be a maximal compact subgroup 
of Gm, containing U^, let the Lie algebra of be u. The subgroup B„ is connected (all 
maximal compact subgroups in a semi-simple connected group are connected and conjugate 
to each other- see [71 page 356]). Therefore there exists an element g G Gm such that 
ag(B) = g^g^^ = B^, where by Og : Gm — ^ Gm we denote the conjugation of Gm with the 
element g. Since Gm is a complex group then {dag)e = Ad{g) : gm ^ gm is an automorphism 
of the complex Lie algebra gm- Since ag(B) = B^ then, obviously, Ad{g){b) = u. Since b is 
a compact form, then u is a compact form of gm and ufliu = {0}. On the other hand C u 
and f l56|) follows. □ 

Let us denote 

(57) 0/ = u + iu C g/o- 

If we denote Cj = Cu + ic^ C 0/ then C/ is abelian and obviously [c/,g<j] C {0}. Therefore, 
since g^ is semi-simple, we have C/ fl g^ = {0} and we may write 

(58) Qj = d® gs ci = Cu + ic„. 

Let G/ be the connected subgroup of G/o generated by the subalgebra g/ C g/o- Obviously 
G/ D U and therefore G/ acts transitively on M = U/Ku. Hence the complex manifold 
(M, J^/) is biholomorphic with the complex coset space G//L, where (we recall that 7r(e) = a) 

(59) L = {geGj\g{o)=o}. 

Obviously K„ = U fl L. Let us denote by I the complex subalgebra of g/, corresponding to 
the complex subgroup L and by the subalgebra of u, corresponding to the subgroup K^. 
Let p be the natural projection 

p : G/ ^ M ~ G//L. 

Since p o in = n, where m : U — ?■ G/ is the embedding of U in G/, then the restriction of 
dp to u is equal to dvr : u — ?■ To(M), i. e. 

(60) VX G u dp{X) = dTT{X). 
Furthermore, since the projection p is holomorphic then 

(61) VX G g/ dp(iX) = /Af (dp(X)) = idp(X). 
Since K„ = U fl L then = u fl I. Furthermore 

(62) tnidir) = ttx{dp) = 1 u n I = 
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Therefore the subspace 

(63) p„ = {XGu| vr Ge„(x,r) = o} 

satisfies 

(64) u = iu® pu- 

Since iu is A(i(Ku)-invariant then obviously is y4(i(K„)-invariant: 

(65) v4rf(K„)(p„) C pu [K,Pu]cpu. 

Let g and t be the complexifications of u, and let r be the conjugation of g, such that 
u = g"^. We shall denote the center of g by c. 
Obviously, we have 

(66) t = K + iKcg KniK = {0}- 

Remark 4.2. Let us summarize. We have Qjq - the complex Lie algebra of the complex 
Lie group G/o (the identity component of the group of all biholomorphisms of the complex 
manifold {M,Im))- In g/o live our main actors u C g/o; C g/o which are the real Lie 
algebras o/U and K„. And we denote by g/ the complex subalgebra of Qjq generated by u, i. 
e. Qi = u + iu G Qio, Gj C G/o is the corresponding complex Lie group. By g and t G Q we 
denote the usual complexifications of the real Lie algebras u and tu, o-nd t is the conjugation. 

Since u is compact we can decompose it as direct sum of center and semisimple part: 
u = c„ © Ug. From Lemma \4.1\ we see that the complex subalgebra of Q generated by Us is 
isomorphic to the subalgebra Qs = Ug + iUg G Qj of Qj. Therefore we can identify these two 
algebras (the identification is: for X,Y G Us X + iY G Q ^ X + iY G Qj), and we shall 
denote them by the common notation: g^. With this convention we have g = c©gs, where c 
is the center of g. 

Denoting by Ts the restriction of t to Qg, we have 

(67) Vr,ZGu TsiY + iZ) = Y ~iZ, r(c) = c. 

We represented our homogeneous space M as complex factor G//L and denoted by [ the 
complex subalgebra of Qj, corresponding to the complex subgroup L C G/. 

The Lie algebras Qj D I are auxiliary and will be used to prove the regularity oft,p. 

4.3. Construction of I, J. Let us denote by p the complex subspace of g/, generated by 
Pu: 

(68) P = P« + ip« C g/. 

We shall prove soon (Corollary 14. 5p that the sum above is actually direct sum of real vector 
spaces, i. e. that p is a complexification of p^, therefore we may regard p as a subspace of g. 

We define complex structures I, J on p^, using the complex structures Im{o), Jm{o) on 
To(M), as follows 

(69) / = ((d7r)|pj-i o J,,(o) o (d7r)|p„, J = i{dn)\,J-' o J,,(o) o (d7r)|p„. 
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Lemma 4.3. The complex structure I on the real vector space p„ can be uniquely extended 
to a complex structure on the complex vector space p. We shall denote this extension by the 
same letter J : p — > p. 

Proof. Let us take any element Z E p. Let us assume that we have two representations of Z 
of the type 

(70) Z = X, + iY, = X2 + iY2, X,,X2,Y,,Y2ep^ 
therefore 

dp{Xi + iYi) = dp{X2 + iFs) dp(Xi) + idp(Fi) = dp{X2) + idp(F2) ^ 

d7r(Xi) + id7r(ri) = d7r(X2) + id7r(r2) d7r(Xi + /(Fi)) = d7r(X2 + /(Fs))- 

The last equation implies Xi + /(Yi) = X2 + /(y2) (taking into account that Xi + I{Yi) G p^ 
and X2 + /(F2) G Pu), hence 

(71) Xi - X2 = 1(^2 - Vl) ^ /(Xi-X2)=ri-r2. 
Furthermore, we have 1(1^2 — ^1) = — X2 (see ( 1701) ). therefore i(Yi — Y2) G pu, besides 

d7r(i(ri - 1^2)) = dp(i(yi - 1^2)) = idp(ri - Y2) = id7r(ri - Y2) = dn{I{Yi - Y2)), 
which implies 

(72) i{Y^-Y2) = I{Y^-Y2) Fi - 1^2 + 1/(^-1- 1^2) = 0. 
From (17T]) it follows that 

/(Xi - X2) + iJ(ri - Y2) = Y,-Y2 + U{Y, - Y2) 
and now from (172|) we infer 

/(Xi - X2) + i/(ri - 1^2) = ^ /(Xi) + i/(ri) = /(X2) + 1/(^2). 

Hence we see that the operator on p defined by the rule 

X + iy ^ /(X) + iJ(F) x,Y epu 

is well defined and this is the extension of I from p„ to p. □ 
Let p"*" and p^ be the i and (— i)-eigenspaces of J, respectively, i. e. 

(73) p+ = {XGp| /(X)=iX} p- = {X G p| /(X) = -iX}. 
In addition to ( IGTI) we have 

(74) VX G p dp(/(X)) = idp(X). 
Indeed, let Xi,X2 G p^ then 

dp(J(Xi + 1X2)) = dp(J(Xi) + i/(X2)) = d7r(/(Xi)) + id7r(J(X2)) 
= id7r(Xi) + iid7r(X2) = i(d7r(Xi) + id7r(X2)) = i(dp(Xi) + dp(iX2)) 

= idp(Xi + iX2). 
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Lemma 4.4. The following equality is valid 

lnp = p~. 0^ = l©p+. 

Proof. Let Z = X + iY e [flp, where X,Y G p^, then we have 

= dp{X + iV) = dp{X) + idp{Y) = d7r(X) + d7r(/(r)) = d7r(X + I{Y)). 

This equahty, and X + I{Y) G p„, imply X + I{Y) = 0. Therefore Y = I{X) and Z = 
X + iY = X + i/(X), hence I{Z) = I{X + i/(X)) = -i(X + i/(X)) = -iZ. Thus we proved 
that I n p C p^. Conversely, let Z G p^, then I{Z) = —iZ and Z = iI{Z), therefore 

dp{Z) = dp{iI{Z)) = iidp(Z) = -dp{Z) dp{Z) = 0, 

hence Z G I and we see that p^ C I fl p. So we proved the first equality. Now we have 
[ n p+ C ([ n p) n p+ = p" n p+ = {0} and we see that [ n p+ = {0}. Since u = + p„, then 
obviously 0/ = ^ + p, hence 0/ = t + p^ + p^ C I + p^. The Lemma follows. 

□ 

Corollary 4.5. The complex subspace p G Qj is a complexification of pu C u, i. e. we have 

p = Pu © ipM direct vector space sum. 

In particular the complex structure J on p„ may be extended by complex linearity to the 
complex subspace p, we shall denote this extension by the same letter J. 

Proof. By the previous lemma we have dimc(p"'") = dimc(0/) — dimc(l) = dimc(M), hence 
dimc(p) = 2dimc(p''') = dim^{M) = dim]R(p„). So, we see that 

dimc(p) = dimiR(p„) dimK(p) = 2dimiR(p„). 

On the other hand 

dimM(p) = dim]R(p„) + dimK(ip„) - dim]R(p„ n ip„) = 2 dimK(p„) - dimiR(p„ n ip„) 

and we infer (using dim]R(p) = 2dim]K(p„)) that dim]R(pu fl ip^) = 0, i. e. p^ fl ip„ = {0} and 
the corollary follows. □ 

Remark 4.6. From Corollary \3.11\ it follows that the subspace of the complexification q, 
generated by pu, is isomorhic to the subspace p of Qj. We shall identify these two subspaces 
and shall denote them by a common notation p (the isomorphism, that identifies them maps 
a sum X + iY in Qi, where X, F G p^, to the sum X + iY in g). Of course the complex 
structures I, J and the subspaces p^ , p^ can be regarded as objects related to the subspace of 
g generated by p^ so, they satisfy the relations 

IoT = ToI JoT = ToJ I O J = —J O I 

(75) 

p-=r(p+) J(p+)=p-. 

Since g is the complexification of u, the relations u = + pu, K ^Pu = {0}, [^Mjpti] C p^ 
imply 

(76) = e©p, %p]cp. 
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4.4. Fixing the Cartan subalgebra. The coset space G//L is compact. From the normal- 
izer theorem (A. Borel - R. Remmert) (see e.g. [1] (page 80)), it follows that the normalizer 
n([) of [ in Qj is a parabolic subalgebra of gj, i. e. 

(77) n(0 = c/©5 

where s is a parabolic subalgebra of and Cj is the center of Qj (see (135]) ). Let us recall that 
Tg is the conjugation of g^, which corresponds to the compact real form Ug C Qs- Since s is 
a parabolic subalgebra of then (see [19j, Theorem 2.6 ) there exists a rg-invariant Cartan 
subalgebra i)s of Qs, such that f)^ C s. Let us denote (recall that we identify the semisimple 
part of g with the semisimple part of g/ and denote them by the common notation g^): 

(78) f)/ = c/ © f), C g/, i) = c®[}sCg 

then [)/ and i) are Cartan subalgebras of the reductive algebras g/ and g, respectively, and 
we obtain that i)j C n([), i. e. 

(79) [[),, I] C I. 
We racall that rin = r,, t(c) = c (see flGTl)). hence 



(80) r(f)) = f). 

Remark 4.7. Further in this text, we treat the algebra g and its Cartan subalgebra i), the 
algebras Qj and P)/ C Qj are used only for the proof of the regularity of t and p. 

So everywhere A is the root system w.r. to the Cartan subalgebra P) C g and we fix a 
Weyl-Chev alley basis of q as in ([2]). 

The choice of the positive roots C A will be explained in subsection \4.6\ 

4.5. Regularity of t and p. We have shown that [ is a regular subalgebra of Qj. In this 
subsection we shall prove that t and p are regular in g (for the notations t and p see (1^^ 
and Remark 14. 6p . 

Let us recall first that f)s is r>,-invariant and therefore we have 

(81) (i, = ((), nu,)©i([], nu,), 

for the definition of see ([1]) and Lemma 14.11 

Lemma 4.8. The subalgebra t G g is regular w. r. to i), i. e. 

(82) e = (^ n [)) © g(a), where = {a e A\g{a) C t}. 

The set A( is symmetric with respect to 0, i. e. — Af = A^. 
Consequently p is a regular subspace of g. 

Proof. Since [t)j, I] C I then [f)^ flu^, I] C I, besides since u is a subalgebra then [fi^ nu^, u] C u, 
hence [f)^ fl u^, u fl (] C u fl t. On the other hand tu = ^ H u (see (1^ ). which imphes 

(83) [(), n u„ c K, 
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which, by (EI]) and t = tu + iK C g, imphes [i)s,t] C t. Now ([78]) gives C €, i. e. t is 
regular and we obtain (15^ . 

The set is symmetric with respect to 0, i. e. — A{ = A{, since r(t) = t and r(g(a)) = 
0(— a) for a e A. 

Since p„ is the orthogonal complement of in u with respect to the Killing form, hence 
the regularity of p follows from the regularity of t. □ 

Now we shall prove the regularity of p+ and p~ 

Lemma 4.9. The subspaces p+ and are regular in g w. r. to f), i. e. 

(84) p+ = (p+ n [)) © g(a), where A+ = {a\g{a) C p+} 

(85) p- = {i}n p-) © g{-a) t) n p" = r(f) n p+). 

aeA+ 

Furthermore, 

(86) [)np = (f)np+)©(()np-) {) = (fi n p) © (() n !) 

(87) A \ At = A+ U (-A+) A+ n (-A+) = 0. 

Proof. We have proved that [ and p are regular subalgebras of gj with respect to the Cartan 
subalgebra f)/, i. e. [()/,[] C I and [i)i,p] C p. Therefore [f)/, t fl p] C I fl p. On the other 
hand tflp = p^ (see Lemma [4.4p . Therefore [f)/,p~] C p^, i. e. p~ is regular in gj with 
respect to f)/. Now obviously [l)u,p^] C p^ in gj, hence one can verify, taking into account 
C p„ and Remark Hl6] that [{1m,P~] C p~ in g as well. Therefore [f),p~] C p~ in g and 
p~ is regular. From (175)) in Remark 14.61 we know that p"*" = t(p~), besides f) is r-invariant, 
therefore p"*" is regular as well, so we obtain f lH^ . 
From (18^ and r(g(a)) = g(— a), it follows that 

p- = r(p+nfi)+ 0(-«)- 

We see that p~ is regular in g and f) fl p^ = r(fi fl p"*"), therefore we have proved fl85l) . 
Since p = p+ + p", p+ n p~ = {0}, then 

a; n (-Ap+) = {0} f) n p = (f) n p+) © (d n p-). 

Since we have a direct vector sum g = t + p^ + p^ and Lemma (14. 8 p then obviously A \ A^ = 
A+U(-A+). □ 

4.6. The set A'^. We recall that the definitions of / and J are in (169)) . Integrability of the 
complex structure Im on M implies (see [10], ch. X) that for X,Y ^ pu we have 

[IX, /r]p„ - [X, Y],^ - /([X, iY],j - /([/X, y]pj = o. 

After complexification we can write 

vx, y e p [/X, lY], - [X, F]p - /([X, iy],) - /([/x, y],) = o. 
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The integrability of I implies 

(88) VX,FgP^ [X,r]pGp±. 

The elements in U act as hypercomplex diffeomorphisms of M, whence for X G € we have 

(89) I o ad{X) = ad{X) o J, Jo ad{X) = ad{X) o J. 

We recall that (176|) is valid, therefore the equations above make sense. Relation ( 189|) implies 

(90) [«,p1cp+, [«,Plcp-. 
Indeed, let X e t, Y e p+ then 

[X,Y] = -iad{X){I{Y)) = -iJ(ad(X)(F)) = -iI{[X,Y]) I{[X,Y]) = i[X,Y] 

hence [X, Y] G p^. The proof for p^ is the same. 

From (l90l) . (IHHl) and since Ms a subalgebra of g it follows that ^ + p''" is a subalgebra of 
Q. Furthermore, both t and p"^ are regular, therefore t + p^ is regular and obviously by (18^ 
and ( !82|) we have 

(91) e + p+ = ({ + p+)n(3+ 0(«)- 

a6AeUA+ 

From §7} we see, that A = At U A+ U (-A+) = (A^ U A+) U (-(Aj U A+)). From ([Sj, 
ChVII, §3, n.4) we see that (JH]), A = (AjU A+) U (-(Aj U A+)) and the fact that t + p+ is a 
subalgebra imply that there exists a basis 11 of the root system A, such that the set of positive 
roots A"*", for this basis 11, satisfies A+ C A^ U A+. Since A+ U (—A"*") = A, then for any 
a G A+ we have a G A"*" or —a G A+, but the relation —a G A+ contradicts A"*" C At U A|^ 
and ( 157|) . Thus we proved the existence of such a basis 11, that the corresponding set of 
positive roots satisfies 

(92) A+ c A+. 

Remark 4.10. From now on this subset of positive roots A"*" will be fixed throughout section 
It is useful to denote also 

(93) A+ = A+ n At. 
Then from (187|) it follows 

(94) A"*" = A'l U A|^ disjoint union. 

In the sequel we shall use also the following notations, related to the stem (F, -<) of : 

(95) $J = {/3 G A+K - /3 G A+} C e A+ 

(96) rp = rnA+, Ft = rn a+ = r\rp, n>p = span^iw^i^y et^}. 
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4.7. Decomposition of the Cartan subalgebra: fi„, P)t^, f)p^, Up^. We study the struc- 



Proof. Let X G Let us decompose X = + X^, X^ G c^, X^ G fl f)^ in accordance 
with the decomposition f)n = Cn © (f)s H Ug). Since a(X) = and a vanishes on c^, then 
a{Xs) = 0. Hence Kill{K,Xs) = a(X,) = and (Vr„,X) = (Vr«,X, + X,) = (1^«,X,) = 
if2//(Vr„,X,) = 0. 

Using f llOip and the obvious fact that {Wa, n^) = we see that (t^, PV^) = 0, hence 
G p„. □ 

Lemma 4.12. Let X G f)p„ and a G At t/ien a{X) = 0. 

Proo/. Since e t and -At = At then = [Ea,E_a] G t n f). Therefore iHa G f)t„- 
From the definition of we have {iHa,X) = 0. Let us decompose X = X^ + X^, X^ G Cu, 
Xs E Us n i)s. Since a vanishes on c„ C c, then a{Xs) = a{X). Since {iHa,X) = then 
{iHa,Xs) = a{Xs) = 0, therefore a(X) =0. □ 

4.8. Preliminary lemmas about t, p+, p^. Here we prove that Ft is a substem of (F, -<). 

Lemma 4.13. //7 G Ft and 7^7, then U {7, —7} C At. In particular $~ U {7} C A^*". 

Proof. Since —At = At then G t. Let a G Let us assume that a ^ At. Then 
a G A+ \ At, therefore a G A+ and E^ G p+. By [E_^,Ea] G p+, but [E_^,Eo] = 
N_^^aEa_^ and a - 7 ^ A+ (see ([9])) , which contradicts A+ C A+ (see [92]) . 

Thus, we see that if a G U {—7, 7}, then E^ G Now the lemma follows from f llip and 
the fact that t is a subalgebra. □ 

Corollary 4.14. The subset Ft C F a substem of (F, -<). 





then obviously 



(101) Pu = f)K®^K' iu = i)t^®spanR{{E^~E^^),i{Eo, + E_^);aeAi}. 

With these notations the following lemmas are valid 
Lemma 4.11. //a G A and a (f)t„) = 0, then Wa G p„ (recall that Wa = \Ha). 
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Lemma 4.15. Let 7 G Fp and G i. Let 

(102) J{E^) = H + ^ CaE.^ He^np-, c^gC. 

Then H = and 

(103) Va G A+ a(/J^) > ^ c« = 0. 
Proof. Since //^ G t then by fl89|) it follows 

J([/7^, E^]) = [iJ^, J(E^)] ^ ^{H,)J{E,) = ^o.[H„ E_^] 

hence 

-f{H^) Ih+Y^ ] = - Yl cMHy)E_^ 

\ / aeA+ 

and we obtain 

(104) 7(^7)^ + 5^ c« (7 + a) (^7) = 0. 

Now we have 'y{H^) = 2 and therefore (7 + a){H^) 7^ 0, if a{H^) > 0, therefore the last 
equation above implies H = and (1103^ . □ 

Lemma 4.16. Let 7 G Fp be a maximal root. Then 

Proof. Let us recall that J(p"^) = p~, besides by 7 G Fp we have E^ G p''" (see (196|) and f l8^ ). 
therefore 

J(E^) = + ^ c«E_« if G f) np",c« G C. 

aeA+ 

Let us assume that G {. Now, since 7 is a maximal root, we have Va G A+, a{H^) > 0, 
therefore Lemma 14.151 implies 

(105) {H = 0, Va G A+ c„ = O) ^ J(E^) = 

which contradicts = —Id . □ 
Lemma 4.17. Let 7 G A+ be such that J{E^) G P), t/ien G p^, i- e. ii^ G p. 
Proof By ([89]) and J(E^) G it follows that 

yn ei)nt j{[h, e^]) = [h, j{e^)] = o. 

Therefore Vii G f) n { -f{H)J{E^) = 0, hence V/f G f) H ! 7(i/) = 0. The lemma follows 
from Lemma [4.111 □ 

Lemma 4.18. Let 7 G Fp be such that J{E^) G \), then C A+. 
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Proof. Let a G Let us assume that a ^ A|^. Then a G A'^ and Ea,E^a ^ besides 
E^ G p+ (since 7 G Lp = L n A+). Since [t, p+] C p+, then (we recall that 7 - a G A+) 

(106) [E^, = iV^,_,E^_, G p+ => E^_^ep+. 
There exist HE i) Cip^ and constants G C for /3 G A|^, such that 

(107) J{E^^^) = H+ 

/3eA+ 

From (IM]) it follows 

[K, J(E^_a)] = J([K, ^ [^-. J(^7-«)] = Ar,,^_„ J(E^) G (1 \ {0} 

therefore 

+ J] c^£;_;3] = -a{H)Ea + ^ c/3[E,, = N^,^^^J{E.,) G () \ {0}. 
/3eA+ /3eA+ 

However, for /3 G A^^ we have a ± /3 7^ (since a G At), therefore 

-a{H)E^ + cp[E^,E^p\ ^ (3. 

This contradicts our assumption a ^ A+ whence the lemma follows. □ 

4.9. The integrability condition. Throughout section H] the notations p„, /, J, p+, p^ 

have the same meaning (see Section I^l3|) as well as f)p^ (see (p7|) ). We recall that t„ ©p„ = u 
and that the reductivity condition [fitt,pu] C pu is satisfied. In this section we shall vary f)p^ 
to another q, with corresponding pu = q + rip,^, observing the condition © pu = u, but we 
discard the reductivity condition. 

4.9.1. Construction of (p, p+, J, ^, h) from q. Let q be any subspce of f)u, such that 

(108) f)u = q © 

then we denote pu = q + Up^ . 

We denote by p the complexification of pu. Obviously 

(109) p = ({inp) + np. 

From (llOip we see that pu satisfies u = pu©tuj therefore we can define complex structures 
on pu, using the complex structures Im{o) '■ To{M) To{M), Jm{o) '■ To{M) — )■ To(M) on 
To(M), as follows 

I-Pu^ Pu J ■■ Pu Pu 

1= ((d7r)|pj-i o J,,(o) o (d7r)|p„, J= ((dvr)ipj-i o 7^,(0) o (dvr)|p„. 

We shall denote the complexifications of I and J by the same letters / :p— J-p, J:p— J-p. 
Let p"*" and p~ be the i and (— i)-eigenspaces of J, respectively. 
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The following lemma relates J to J. 

Lemma 4.19. Let X G np,„ and let J{X) = H + Y, J{X) = H + Y, where H e i)p^,H e q 
and Y,Y E Up^ then Y = Y . Furthermore, H = <^=^ H = 0. 
The same statement is valid if we replace J with I and J with I . 

Proof. By the definitions of J and J, we have 

((d7r)|pj-i o J,,(o) o (dvr)|p„(X) = H + Y 
((d7r)|pj-i o J,,(o) o (d7r)|p„(X) = iJ + F 

hence 

d7r{H + Y) = d7i{H + Y) = Jm(o) (d7r(X)). 

On the other hand hx{diT) = therefore {H - H) + (Y - Y) G hence Y -Y e 
(K + K) n np„. Since + fi„) n Up^ = {0}, we see that Y - Y = and 

Now a H = then # G H q = {0}, hence H = 0. On the other hand if H = then 
H etuf^hpu = {0}, hence = 0. □ 

Lemma 4.20. The complex structure I satisfies the following conditions 

(110) /KJ=np„, 7(q) = q 

(111) p+ = (p+ n [)) + p- = (p- n f)) + n- = r(p+ n d) + Up-. 

Proof. The equalities /(-Eq, — -E-a) = i{Ea + E_a), HK^a + E^a)) = — (-E'a — -E'-a) are valid 
for a G Ap and from we see that /(Up,^) = rip,^. 

Hence, by the previous lemma /(up„) = I{X) = rip^. 

Let us recall the fact that / restricted to [) flp^ is i and restricted to f) Hp" is — i, therefore 

/({inp) = f)np^/((ipj = f)p„. 

Now we prove the second statement in (IllOp . Let us take H & q, H ^ 0. Let us decompose 
I{H) = H' + B, where H' E q, B E np„. We shall show that B = 0. The definition of I 
implies {{dn)\^J-^ o Im{o) o (d7r)|pji7) = H' + B, therefore 

(112) {dn){H' + B) = lM{o){drt{H)). 

Now since H, H' G f)„ and since fi„ = fip^ © f)t^, then we may decompose H and H' as follows 

H = Hi + H2, H' = H[ + H'2 Hi,H[ G P)t„, H2, H'2 G flp„. 
The equality flll2p can be rewritten as follows 

(113) (d7r)(/7^ + B) = lM{o){d7r{H2)) 

where we used ter(d7r) = and P)t^ C tu- Since H2 + B E i)^^ + Up^ = p„ and H2 E pu, then 

(114) iH'2 + B) = ((d7r)|pj-i o 4,(0) o (d7r)|p„(i72) = 
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We have already shown that /({)p„) = P)p„, which imphes that B = and (IllOp is proved. 

From (IllOp and Lemma 14.191 it follows that for each X G rip we have I{X) = I{X) = iX, 
therefore 

np+Cp+ Up-Cp-. 

Let us take any element X G p^. By fllOQp we may decompose it as follows X = A + H + B, 
A e n~ , H e i) np, B e . Since A en~ Cp~ and 5 G n+ C p+, then 

I{A + H + B) = -iA + I{H) + iB. 

On the other hand since A + H + B ep^, then I{A + H + B) = i{A + H + B) hence 

-iA + I{H) + iB = iA + iH + iB 

this equality together with /(f) Hp) = f)np implies that A = 0, therefore X = H + B. On the 
other hand B e np+ C p^ therefore X — B = H ep'^ (1^. And we proved p+ = (p+ fl f)) + n+. 

The other equality in (lllip follows from I o t = t o I. □ 

Let us choose a basis {Ui, U2, ■ ■ ■ , Um} of p"*" fl f) , then {Vi = t{Ui), V2 = ^{1/2), . . . ,Vm = 
T{Um)} is a basis of p^ fl f). Then by fillip the subspaces p+, p~ decompose as follows 

p+ = spanc{Ui}Zi + 0*^") P~ = spanc{Vi}Zi + 0(-")- 

a£A+ QGA+ 

In the same way as in j6]( Definition 1.12, Proposition 1.13) one can prove, using the condi- 
tions J(p^) = p^, = —Id, J o T = T o J, the following lemma 

Lemma 4.21. There exist functions 

^: {l,2,...,m} X A+ ^ C a : A+ x A+ ^ C 

b : {1,2, . . .,m} X {1,2, . . .,m} ^ C ^ : A+ x {1, 2, . . . , m} -> C 

such that 

m 

J{Eo) = + S;3c.^-/3 aGA+ 

*=1 /3GA+ 

(115) 

m 

J^^i) = Zl^*'?^* + Yl g e {1, . . . , m}. 

<=i /3eAp+ 

The functions a, b, ^, rj satisfy 

b,^ — ,^a = 0, r^,^ — aa = I^+, a?] — 77b = 0, ,^?7 — bb = Im. 

Remark 4.22. The functions a, b, ^,77 depend on the choice of the subspace q, which in 
turn determines I, J. For the case q = f)p„, which gives the complex structures I , J, fixed in 
subsection \4.3\ we shall denote these function by a, b, ^,77 throughout section^ 
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From Lemma [4. 191 it follows 



Lemma 4.23. The matrix a, assigned to J in accordance with Lemma l4-21\ does not change 
as q varies constrained to f llOSp . i.e. a = a for any choice of q. 

This lemma allows us to write a instead of a, without paying attention to the choice of q 
and this matrix a is fixed throughout section HI 

Corollary 4.24. Let a G A+ then 

Remark 4.25. It is convenient to extend the definitions of the functions a, rj. Let a,l3 & 
t)*, k eN. If a ^ A+ or 15 ^ A+ , then we set a^^^ = rj^^k = 0. 

Definition 4.26. In this subsection we started from any subspace q C satisfying fllOSp 
and constructed a 6-uple (p, p~*", J, ^, r/, b), depending on q (we recall that the matrix a does 
not depend on q). For the sake of brevity we shall call such a 6-uple (p, p"^, J, ^, rj, b) Cartan 
variation ofp^. Of course Lemma \4.2C\ and Corollary \4.24\ are valid for any Cartan variation 
of q. Furthermore, (p, p+, J, ^, 77, b) is a Cartan variation of pu (see (l98l) ). 

4.9.2. Equations for a, b, ^, rj. The following theorem is well known (see e.g. [lOj, Ch. X) 

Tiieorem 4.27. Let \J be a connected Lie group with Lie algebra u. Let be a closed 
subgroup of \J with Lie algebra i^. Let Jm be a left-invariant integrable complex structure 
on the coset space M = UfKu. Let p„ be any subspace of u such that 

U = © pu- 

Then the complex structure on pu, defined as follows 

J=((d7r)|pJ-ioJM(o)o(d7r)|p„ 
satisfies the following equation 

(116) vx, YEK lAx), j(r)]|p„ - [X, Y]\^^ - j([x, j(r)]|pj - j([J(x), y]\~j = o. 

Let us remark that in [lOj the reductivity condition py] C p„ is presumed, but it is 
used there for other statements. One can verify that for the proof of the theorem above, this 
condition is not necessary. 

We apply this theorem to the complex structure J in any Cartan variation (p, p^, J, ^, rj, b) 
of p„ and from flll6p we infer 

(117) vx,F e p [j(x), j(y)]|p - [x,r]|j- j([x, j(r)]|p) - j([j(x),r]|p) = o. 

Using this equation, we prove: 
Proposition 4.28. Let a, (3 E A+, q = 1, . . . ,m. Then 

(118) a/3,a(a + (3){Ug) = pr^i^.p) ^ rj^^q[E^^, 
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Proof. We put in flll7p X = Uq, Y = Ea, apply J on the equality and expand, using f lllSp 
and keeping explicit only the coefficient before -E-zj. The computation is the same as in [6J, 
Proposition 4.1. □ 

Proposition 4.29. Let a,/3,^ e A+, JEj G f). Then 

(119) ap,^{(3 + a)iJiE^^))=pr,^^^)i[E^,E.^]). 

Proof. We put in flll7p X = E^^, Y = Ea and expand, using f lllSp and keeping explicit only 
terms with component in n~. The computation is the same as in [6j, Proposition 4.9. □ 

Proposition 4.30. Let a, (3,^ E A+, .JE^ E f). Let VC E A+ a^^ = a^^ = and (3 + a ^ 

then 

(120) ^ -C«a,7-c = 0. 

Proof. We just put in ( 11170 X = i?^, Y = Ejs and use (IllSp . Keeping explicit only terms 
with component in n~, by the same computation as in Lemma 4.11 we obtairQ: 



-uCI'u,l3aa,^-u = 0. 



We recall that the notation $p is in (195|) . 

When /9 + a 7^ 7, Proposition 14.291 givej^ aa,^(« + f}){JE.^) = 0, whence the lemma. 

□ 

From these propositions we derive some useful corollaries. 
Corollary 4.31. Let {p,p^ , J,C,,rj,h) be any Cartan variation o/p^. Let 7 E A+ be such 
that J{E^) E \]. Let a,(3 E be such that a + (3 = •y. Then 7 ^J(£'^)j 7^ 0, a^/j 7^ 0, 
aj3a 7^ and 



7 (J(i5;,) j 7 {j{E, 

Proof. Since a, /3, 7 G A+, JE^ E () and a + /3 = 7 then by (11190 in Proposition 14.291 

a^a^iJE-^) = Na-^ = N^-a a„/37(JE_^) = iV/3 _^ = N^-f3 

and the corollary follows. □ 

Corollary 4.32. Let (p, p+, J, ^, 77, b) be any Cartan variation of pu. Let a,/3 E A+ and 
a + (3 does not vanish on p fl f). Then 



now in the conditions of the proposition we have € AjJ" a^.^ = ,y = 0, because in the computation 
we need a^ jj — and we have not proved yet that the vanishing of a^^^ impUes a-y^^ = 

^Because (a + P){JE^) = (a + (3){JE_^). 



30 GEORGE DIMITROV AND VASIL TSANOV 



(i) a^p = <^=^ ai3a = 0, 

(ii) If a + (3 ^ A+, then a^p = a^a = 0. 



Proof. Now {Ui, . . . , Um, Vi, . . . , Vm} is a basis of p fl f) and we have 5{Vi) = —5{Ui) for any 
5 G A. Since a + /9 does not vanish on p n {) then (a + f3){Uq) ^ for some g G {1, . . . , m}. 
Then the lemma follows from flllSp and the formula 

In particular we see that WQ(,-fi) (^Z]i/gA+ '^vA\^~v, = iff 

0. □ 

4.10. Results for J. Determining of the subsets A^, A+. In subsection 14.91 we ob- 
tained some results for J, related to any Cartan variation (p, p+, J, ^, ^, b) of p^. In this 
subsection we resume to analyse the complex structures / and J defined in subsection 14.31 
In particular we calculate the coefficients {aa/sjjQ, defined in subsection 14.91 Remark 

14.221 Furthermore, we describe the structure of A^ and A+, using the stem F. 
We start with a Lemma 

Lemma 4.33. Let 7 G Fp he a maximal root. Then 

(122) VC G A+ a^^ = = 

(123) G p„, C A+ 

(124) Va G V/3 G Ap+ {a^fi ^ or ^ 0) ^ a + /3 = 7. 

Proof. We have a{H^) > for a G (see Proposition 12. H (j9])) and '^{H^) = 2. Since 7 
is a maximal root then a{H^) = for a; G A"*" \ ($;| U {7}) (Proposition 12. H ([7]) and (|8])). 
Hence we see that 

(125) VaGA+ (7 + a)(if^) 7^ 0. 

Now, since 7 G Fp is a maximal root. Lemma 14.161 implies that ^ t. We recall that 
()« = f) Hu and f)t^ = f)u fl^u (see (p7|) ). Since ^ t then PV^ ^ f)t^, therefore we can choose 
q such that 

(126) f)„ = q © f)t„ G q. 

From this q we obtain a Cartan variation of p„ (p, p+, J, ^, rj, b) as in Definition 14.261 Now 
(I125p and ( I126p show that for any ( G A^ the functional {( + 7) does not vanish on f) fl p, 
hence Lemma [4.32[ (ii) is applicable. Therefore, 7 being a maximal root, we proved (I122p . 
Therefore by Corollary 14.241 J(E,.,) G () and Lemma [4.171 implies that G p^- On the other 
hand Lemma [4.181 implies that C A+. 
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Since $+ C A+, theii^ $P = $+. To prove f ll24p . we first show that 

(127) VC, 5 G $+ U {7} a^s^O ^ C + S = 7- 

Indeed, for any (, 5 G U {7} we have ((-^^7) > 0, S{H^) > and then Corollary |4321 (ii), 
Corollary 14. 311 in conjunction with the well known property (see Proposition 12.11 (j6])): 

VC, 5 G u {7} C + 5 e A+ ^ C + 5 = 7 

imply formula fll27p . 

Now we take any a G and f3 G A|^. Since we have proved (I127p . we may think that 
/3 ^ U {7}. Now we apply Theorem I4.30[ f ll20p . as we take into account ( I122p and 
a + /3 7^ 7, since /3 ^ and obtain 

From fll27p it follows that for C, G $^ a«,7-c 7^ if and only if ^ = a. Therefore Oq,^ = 0. 

To prove O/jq, = we apply Corollary 14.321 (i) (we may apply it since a{H^) > 0, P{H^) > 
0). The lemma is completely proved. □ 

In order that we prove the main theorem of this subsection: Theorem ( 14.35p . we need of 
some preliminary discussion on A|^ and Fp. 

Lemma 4.34. The subset A^ is nonempty iff Fp (for the notation Fp see fl96l) ) contains a 
maximal root. Besides, for any 7 G F and a G the inclusion a G A^^ implies 7 G Fp, i. 
e. 

(128) A+= U($+U{7})nA+ 

7Grp 

Proof. Let us recall that we have disjoint union A"*" = A+ U (see (157|) ). 

Let 7 G F, a G and a G A+. By Lemma|l?l3]7 G A+ \ A^ = A+, hence 7 G Fp (recall 
that Fp = Fn A+). 

Thus we see that for any 7 G F and a G the inclusion a G A|^ implies 7 G Fp. 
Now (I128p follows from the partition (jl]). 

If Fp does not contain a maximal root, then all the maximal roots are in Ff = F \ Fp. On 
the other hand from (nil|) in Proposit ion 12 . 1 1 we know that for any root 7 G F there exists a 
maximal root 7 G F, such that 7^7. All the maximal roots being in F{, we see that for any 
root 7 G F there exists a maximal root 7 G F{, such that 7^7. Hence Lemma [4.131 implies 
that A+ = A+, therefore A+ = 0. □ 

This lemma shows that if Fp is non empty, then the elements of Fp are a subsequence of 
7i, . . . , 7d, whose first element is a maximal root (we recall that the maximal roots are in the 



^for the notation $P see 
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beginning of 71, . . . , 7^ - see Corollary 12. 2p . Let this subsequence be 7^^, . . . , 7^^^ with length 
dp (here 1 < ii < i2 < ■ ■ ■ < idf ^ d). For the sake of brevity, we shall denote 

With these notations we represent Fp, if it is nonempty, as a sequence Fp = {/ii, /X2, • • • , f^dp}, 
such that yUi is a maximal root and if fJ^i, fij € Fp, then 

(129) fii-(fij^i< J. 

Theorem 4.35. Let 7 G Fp, then J{E^) G f) and G pu- Furthermore 

(130) Ap+ = U "^7 U {7} 

76rp 

(131) Va G A+V/3 G A+ a^;? ^ a + /3 G Fp. 

Proof. We represented Fp as a sequence /ii, /i2, . . . , /i^p, where /ii is a maximal root. 

We shall prove the theorem by induction with respect to the integer 1 < i < dp. Let us 
assume that for some 1 < i < dp — 1 the following holds 

Vj G {1, . . . , 2} (h^^ G P and = $+ C Ap+ and 

(132) 

(ya G U {/ij} V/3 G Ap+ (a„^ ^ or a;3„ ^ 0) ^ « + /? = /i^.j j . 

If i = 1, then ( I132p holds by Lemma [4.331 (since /ii is a maximal root). 
Now we consider the case i + 1. 

First, we shall prove that -f^^^+i ^ t. Indeed, let us assume that -f^/^i+i ^ Then, since 
(see ffT29|) and Proposition [2J]) 

dp 

(133) Va G U ($X U {/i,}) n A+ aiH,^^,) > 0, 

by Lemma 14.151 we should obtain (recall the equality fll28p in Lemma 14.341 also) 

{ag-I'+ U{Mj};l<j<i} 

On the other hand the induction assumption (I132p shows that for a G U {/ij}, < j < i 
we have = and we see that H^j^-^^ G t implies J{E^.^^) = 0, which contradicts 

J2 = -Id. ' ' 

Therefore H^-^-^ ^ t and we can choose q such that 

f)« = q © f)j„ e q. 

From this f)p^ we obtain a Cartan variation of p^i (p, p"*", J, ^, r], b) as in Definition 14.261 
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By (1133P we see that for a G ($^^. U {/^j}) H A+, i + 1 < j < dp the functional (a + /i^+i) 
does not vanish on f) fl p, besides for such type of a we have a + /Xj+i ^ A, hence Corollary 
14.321 (ii) is applicable to a and /ii+i. Therefore 

dp 

(134) Va G U U {/i,}) n A+ a,,^^^, = a^^^,,, = 0. 

j=i+i 

The last relation together with the induction assumption fll32p and equality fll28p in Lemma 
14.341 imply 

(135) Va G A+ = = 0. 
Therefore J{E^.^^) G () and Lemmas 14. 171 and 14. 181 imply 

(136) W.-^, G p„ = C A+. 

Now since -ff/^^+i G p then for any pair ^ ^ "^X+i ^'^^ functional C + ^ does not 

vanish on p fl f), besides we know that for such a pair the relation ^ + 5 G A holds iff 
C + 5 = /ij+i. Therefore Corollary I4.32[ (ii) and Corollary 14.311 imply 

(137) VC, 5 G ^X^^ U ^ ^ C + 5 = 

In order that we complete the induction, it remains to prove that for any a G ^^^^ and 
(3 G A+ \ ($+ ^ U {/ij+i}) the equalities = apa = are valid. To that end we employ 
Theorem I4.30[ fll20p . as we take into account (I135P and a + /3 /Wj+i, since /3 ^ ^X+i' 
obtain 

(138) 

By fll37p it follows that, as ( varies through ^, aQ,^^.^^_,^ 7^ iff C = a and therefore the 
equation above is reduced to = 0. To prove that a^a = we can use Corollary I4.32[ (i), 
provided that a + /3 does not vanish on p fl f). The nonvanishing of a + /3 for /3 G U {nj}, 
j > i + 1 follows from Q;(if^.^J > and /3(if^-^J > (here we use (I136p ). The nonvanishing 
of a + /3 for /3 G U {/ij}, j < i follows from a{H^.) > and (5{H^.) > (here we use 
that by the induction assumption (11320 Hfj_. G p). 

Thus far, we proved by induction that for any 7 G Fp, we have J{E^) G f), G p and 

Ap+ = U "^7 U {7} 

7erp 

Va G A+V/3 G A+ (a«^ ^ or 7^ 0) a + /3 G Lp. 

Now Corollary 14.311 shows that the theorem follows. □ 
Corollary 4.36. t is a Ti-stemmed subalgebra of q. 
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Proof. By Theorem 14.351 and Corollary 14.141 it follows that the subsets A{, A'^ are of the 

type 

A+ = U "^7 U {7}, 

(139) 

At = U "^7 U {7}, 

7ert 

where is a substem of (F, -<). Now the decomposition ( 18 2 p shows that Hs a r^-subalgebra. 

□ 

Now, after having proved Theorem I4.35[ by the same ideas as in [6] we shall describe 
the complex structures / and J more explicitely. To that end now we introduce notaions 
(additional to (EZ])): 

(140) Op = p n 0, 0{ = t n 0, rop = spanuiW.yl'j E Tp} 

(141) i)p = i)np, fip+ = {5np+, h; = hnp- 

(142) tUp = span^iW^l-f E Tp}. 

By Theorem 14. 35[ we have lt>p C f)p. 

From Lemma [4.121 and Ft C At it follows 

(143) Op = [)pn fl «et(7) = {^ef)p| V7eFp 7(^)=0}. 

7erp 

Furthermore, by Theorem 14.351 for 7 G Fp we have that JE^ E i). As in ^6], we shall denote 
for 7 G Fp 

(144) = JE^ E ()p-, = JE^^ = -t{JE^) = -r(V^) G 

(145) P^ = W^- ilW^, Q^ = W^ + ilW^. 

Proposition 4.37. The complex structure J satisfies the following conditions: 



p 



(146) \^(V,)\ = \^{U,)\ = l 7eF 

(147) JE, = -hiV,)Q, = ll{V,)iH, + ilH,) 7 e Fp 

(148) JE^ = Ar^,_,7(V^)K_^ « G $+, 7 G Tp. 
The complex structure I satisfies /(tt)p) C Op. 



Remark 4.38. If we denote = i7(V^), then the formulas in this proposition are the same 
as the formulas in the second and the rhird row of ( H9l) . We show further that the first 
formula in (H9|) is also necessarily valid. 
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Proof By Theorem |135] for 7 G Tp we have J{E.,) = e i), J{E_^) = U., e I), W., e p«. 
Nov^ by the same computations as in the proof of Proposition 4.7 [6] we obtain (1 146 p . (1147^ 
and 

(149) -f{IH^) = 7 G Tp. 

If 7 7^ 5, (5 G Tp, then we compute flll7p with J = J,p = p, X = E^, Y = Es: 
= [JE^, Es], + [E^, JEs]p = SiV^)Es - l{Vs)E^. 

Hence 6{V^) = 0. By dHZ]) 6{V^) = \^{y^)5{H^ + iIH^) = ^^{V^)6{IH^). Therefore 
6{IH^) = and we see that 

(150) V5 G Tp 6{IH^) = 0. 

If 5 G Ft then hs G t, IH^ G p and therefore 6{IH^) = {hs, IH^) = (see ([63]) also). So far, 
we see that IH^ G 0, i. e. IW^ G and we proved that /(tt)p) C Op^. 

We pass to the proof of flTlgP . Let us fix a G $^,7 G Fp and denote /3 = 7 — a. From 
(I13ip in Theorem 14.351 and f lll5p we have 

JEa = ap^aE-p + H, H et}'. 

In the following computation we put in (I117p J = J, p = p, X = E^, Y = E^ and keep 
explicit only terms which nave nontrivial projection to f). 

= [Vy,a[S^aE-i3 + H]lp — J[E^,ai3^aE-l3 + H]\p — J[Vy,Ea]\p 

= 7(if)Ky - N^-i3afs,aJEa - a{V^)JEa + A 
= ^{H)V^ - {N-^,-pap^^ + a{y.^))H + 5, 

where A,Be n . Now we use ap^a = N^,-al{V^) (see f ll2ip in Corollary I4.3ip and 
N^^-aN^,-l5 = —1 (Proposition 2.27 in [6j) to get 

(151) j{H)V^ + /3{V-y)H = 

We apply 7 to this equation and obtain 7(i7)(7 + f3){V^) = 0. By fll47p and /3 G $^ we have 

/3(y^) = 7(^7) ^- + imaginary number ^ 7^ 0. 

Thus (7 + (3){V^) ^ 0, whence -f{H) = 0. Now by ffTMD and /^(I/^) 7^ we get if = 0. The 
formula f fllHl) follows from (HTTOl) and a/j^^ = iV^ -a7(Ky). □ 

Definition 4.39. As we show in the next two propositions, it is usefully to introduce some 
components of f)p as follows: 

Op = (tt)p © ItDp)^, t)+ = Op n f)p+, = OpH {)p-; 

ji^ = Opn[)+, jp" = 0pnp)+, jp = j^©V. 

^'^using the integrability condition in pi7[) for J, p 
"^"^it its the same as the proof of proposition 4.18 in [5] 
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Proposition 4.40. We have 

(152) = spanc{P^\ 7 e Tp}, Dp" = spanc{Q^\ 7 e Tp}, Dp = 0+ © Dp". 
Besides 

(153) f)p = Op©jp, f)p+ = Dp+©jp+, [)- = Dp-©jp-. 

Proof. The important point liere is /(tt)p) C Op, proved in Proposition 14.371 

The formulas in fll52p are easily verified by dimension count (obviously spanc{P^\ 7 G 

Tp} C 0+, spariciQjl 7 G Tp} C Dp"). 

The condition /(tUp) C Op implies that for 7, 5 G Fp 7(^5) = 0, if 5 7^ 7 and 7(^7) = i. 

On the other hand by ffTl3|) = {H e W-f e Tp -f{H) = 0}, thus f)+ = d+ © j+. In the 

same way f)fr = *'p' © jfT- 

Now, in order to prove l)p = Dp©jp, we have to show only that Opfljp = {0}. Let X G Dpfljp. 
We may decompose X = X~^ + X~, where X"*" G D|^,X^ G Dp". Obviously /(jp) = jp, hence 
I{X) = iX^ - iX- G jp. The inclusions X+ + X" G jp,iX+ - iX" G jp imply X"^ G jp, 
X" G jp, therefore X+ G j+ fl D+, X" G jp" fl D~. Now from d+ fl j+ = D^^ fl j|7 = {0} we 
obtain X+ = X" = . 

□ 

Using Propositions 14.371 14.401 and repeating the proof of Proposition 4.31 in [6j we obtain: 
Proposition 4.41. The complex structure J satisfies: 

(154) J(jp+) = jp- 
In particular the subspace jp is J -invariant. 
Corollary 4.42. The following inequality is valid: 

rank{Q) + srank{t) > rank{t) + srank{Q) > rank{ts) + srank{Q). 

Proof. From Theorem 14.351 and Proposition 14.371 we know that for all 7 G Fp I{W^) G 
P)p^ n and G ()p„. On the other hand fl spanc{W.y\'-)' G Fp} = {0}. Therefore 
dimR{l)pJ > 2#(Fp). Hence dimM.{l)u) - dimM.{l)(J > 2(#(F) - #(Fj)), i. e. dimR{i)u) + 
2#(Ft) > dim^iijij + 2#(F). By Corollary [Sj it follows that 2#(Fe) = srank{i), hence 
rank{Q) + srank{t) > rank{t) + srank{Q). □ 

4.11. The main theorem. We may now state our main theorem. 

Theorem 4.43. Let \J be a compact, connected Lie group and let K„ G \J be a closed 
subgroup such that U acts effectively on M = U/K„. Let {Im, Jm) be a LIHCS on M. Let 
u and be the Lie algebras o/U and K^, respectively. 

Then {u,tu) is a hypercomplex pair and {M,Im, Jm) is associated with it (see Definition 

[123). 
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5. SeMISIMPLE HYPERCOMPLEX PAIRS 

In this section we determine explicitly all hypercomplex pairs {u,iu), such that u is 
semisimple. We call these special pairs semisimple hypercomplex pairs and show that 
they correspond to the simply-connected, compact, hypercomplex spaces. Now we give a 
precise definition, excluding some trivial situations. The auxiliary notion " weak semisimple 
hypercomplex pair" is used only in this section. 

Definition 5.1. Let (a, b) be a hypercomplex pair. If a is semisimple with decomposition 
into simple ideals o = ai © 02 © ■ ■ ■ © ttp, such that for any i = 1, . . . , k b (1 ai is a proper 
subalgebra of <Xi, then we say that (o, b) is a semisimple hypercomplex pair. 

Weak semisimple hypercomplex pair we shall call a pair (o, b), which satisfies all 
the conditions of a semisimple hypercomplex pair, except possibly dim(a) — dim(b) G 4Z, 
rank{g) + srank{t) > rank{t) + srank{Q) (see definition \3 . 5\) . 

The aim of this section is to show that if (a, b) is a semisimple hypercomplex pair, then the 
simple components of both a and b are only su algebras. We shall use the explicit description 
of the stems of the simple Lie algebras from Section 3.3 of [6j. 

5.1. If Q is simple and srank{Q) = 2rank{Q). We get in this case if q is any of the simple 
compact Lie algebras: so(4g,C),g > 2, 5o{2d+ 1,C), sp{d,C), d > 1, eg, Cj, f4, (52- 

Proposition 5.2. Let (g, t) be a complexified weak semisimple hypercomplex pair with simple 
g, such that srank{g) = 2rank{g). Then 

rank{g) + srank{i) — rank{ts) — srank{g) < 0, 

where ig denotes the semisimple part of the reductive Lie algebra t. 

Proof. Now srank{g) = 2rank{g) and therefore 

rank{g) + srank{i) — rank{ts) — srank{g) = —rank{g) + srank{t) — rank{ts) 

< —rank{g) + rank{is) 

where we used the inequality srank{i) < 2rank{is), proved in Corollary 2.44 of |6]. 

Let M be as in Lemma 13.31 (now, by the definition, t is a Ff-stemmed subalgebra of g for 
some substem Ff). Then 

(155) t = ii)nt)+J2 S(«) = U ®7 = U ©7 

aeAi 7GM -yeM 

and a basis of At is FI fl A{, where FI is a basis of A. Therefore —rank{g) + rank{is) = 
— 7^(n) + 7^(n n Af). So we see that rank{g) + srank{t) — rank{is) — srank{g) > implies 
-#(n) + #(n n A^) > O, hence FI = FI fl Aj. On the other hand FI = FI n A^ implies 
A = A{ and then g = i, which contradicts the definition of weak semisimple hypercomplex 
pair 15.11 □ 
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5.2. If = 3o(2p, C), p = 2g + 1, q >2. Here the root system is Op. We take p orthonormal 
vectors ci, . . . , in the standard Euchdean p-dimensional space and put 

A = {±ei ± ej\i,j = 1, . . . ,p, i < j}, A+ = {d ± ej\i,j = l,...,p, i <j}. 

Let us recall that the stem is F = {71, . . . , 7^}, d = 2q, where 

7i = ei + 62, 72 = 63 + 64, . . . , 7fc = e2k-i + 62^, • • • , 7g = e2g-i + 62^, 

Iq+l = ei — 62, . . . , 7g+fc = 62fe-l — 62fc, . . . , 725 = 625-I — 625. 

In this case the root systems for 7 G F are as follows 

07fe = 0e2fc-i+e2fc = {±ei ±ej\2k-l <i <j <p} = V2fc+2 

(156) e^^^, = &e^,.,+e^k = {e2k-i - e2fc, e2k - e2k-i} = Oi 

k = l,...,q. 

Therefore 

(157) rank{g) = p srank{g) = 2{p — 1). 

Now we may depict the partially ordered set (F, -< ) in the following Hasse diagram 
7i 72 73 -> ... ^ 7fc ^ ... 7g 

(158) ; \ ; \ i \ ...\ i \ 

7g+l 7g+2 7g+3 ■ ■ ■ 7g+fc • • • l2q 

And we see that the subsets of F, which consist of pairwise incomparable elements and do 
not contain the highest root 71, are of the type: 

(159) M = or 

(160) M = AU{7fc} 2<k<q, Ac {7g+i,7g+2,.. .,75+^-1} 

or 

(161) M = A A C {7,+i,7g+2,...,72j- 
Now we shall prove 

Proposition 5.3. Let (s,t) he a complexified weak semisimple hypercomplex pair. Let q = 
3o{2p, C), where p = 2q + 1, q > 2. Then rank{Q) + srank{t) — rank{ts) — srank{Q) < 0. 

Proof. Let M be the subset of the stem, which corresponds to i as in Lemma 13.31 (see f ll55p 
also). Then about M we have only three possible cases (I159p . (I160p . f ll6ip . 
If M = 0. Then rank{ts) = and srank{t) = 0, hence (we recall that q > 2) 

ranki^o) + srank{i) — rankilg) — sranki^Q) = p — 2{p — 1) = —2q + 1 < 0. 
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If M = A U {7fc}, where 2 < k < q, A C {7^+1,7^+2, ■ • ■ ,7q+fc-i}- In this case 
Af = 0^j. U IJ7GA ®7' hence by fll56p we have 

srank{t) = srank{Q^J + '^^srank{Q^) = 

= srank{dp-2k+2) + #(A)sranA;(ai) = 2{p - 2k + 1) + 2#(A) 
rank%) = ranfc(so(2(p - 2A; + 2), C)) + #(A)ranA;(s/(2, C)) 
= j9-2A; + 2 + #(A). 

In this case we compute: 

rank{Q) + srank{t) — rank{ts) — srank{Q) 
= p + 2{p-2k + l) + 2#(A) -{p-2k + 2 + - 2{p - 1) 

= 2 + - 2A; < 2 + (A; - 1) - 2A; = 1 - A; < 0. 

If M = A, where A C {75+1, lq+2, ■ ■ ■ , 72q}- In this case Af. = {J^i^a ©7; hence by fll56p we 
have: 

srank{t) = '^^srank{Q^) = ^{A)srank{ai) = 2^(A) 

rank{ls) = #(A)ranA;(s/(2, C)) = 
Hence (we recall that q > 2): 

rank{g) + srank{V) — rank{ts) — srank{g) = p + 2^{A) 
-i^{A) -2(p-l)<g-p + 2 = l- g<0. 

□ 

5.3. If g = Zq. Here 3 = Ce (we denote by the same symbols the root system ee and the 
corresponding complex simle Lie algebra). 

Let us recall that the stem in this case contains four elements and it is linearly ordered, i. e. 
we may order the elements of F in a sequence V = {71, 72, 73, 74}, so that the corresponding 
Hasse diagram is 

7i ^ 72 ^ 73 74- 
These statements follow from the results in Example 3.25, Case 3, [6j. We see that now 

(162) rankiyO) = 6, srank^Q} = 8. 

Furthermore, we have shown in Example 3.25, Case 3, |B] that the root systems for 7 G F 
are as follows 

(163) = ee, = CI5, ©73 = ^3, ©74 = ^i. 
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And we see that the subsets of F, which consist of pairwise incomparable elements are of 
the type 

(164) M = {7,} i = 1,2,3,4 or M = 0. 

Proposition 5.4. Let {g,t) be a complexified weak semisimple hypercomplex pair and g = eg. 
Then rank{Q) + srank{t) — rank^ig) — srank{Q) < 0. 

Proof. Let M be the subset of the stem, which corresponds to t as in Lemma I3.3( see f llSSp 
also). Then about M we have the possibilities fll64p . 
If M = 0. Then rank{ls) = and srank{ts) = 0, hence 

rank{Q) + srank{t) — rank{ts) — srank^g) = 6 — 8 = —2 < 0. 

If M = {7fc}), where k = 2,3,4. In this case A{ = 6^^., where k = 2,3,4, hence by (I163p 
we have (we do not consider M = {71}, since t is a proper subalgebra of g): 

srank{V) = srank{aQ-2k) = srank{a2(5^k)-i) = 2(5 — k) 
rank%) = ranA;(s/(9 - 2A; + 1, C)) = 9 - 2A;. 

Using these formlas we compute: 

rank{Q) + srank{t) — rank{ts) — srank{g) = 6 + 2(5 — A;) — (9 — 2k) — 8 = — 1 < 0. 

□ 

5.4. If g = sl{n + 1, C), n > 1. Here g = sl{n + 1, C), i. e. the traceless (n + 1) x (n + 1) 
complex matrices. We shall denote by Ej the (n+1) x (n+1) matrix with 1 at the intersection 
of the i-th row and the j-th column and zeros at the others positions, where i and j vary from 
1 to 72 + 1. Let {ci}^^^ be the dual basis of the basis {-E'*}"d\^ of the subspace in gl{n + 1, C) 
of all diagonal matrices. We shall work with the following Cartan subalgebra of sl{n+ 1, C) 

[) = span{Ei - Ei+l \i = l,...,n} 

and the following root system and subset of positive roots 

A = {ci- ej\l <ij^j<n+l} A+ = {e^ - ej\l <i<j<n+l}. 

Let us recall that the stem T contains d = [^^] elements and in this case it is linearly 
ordered, i. e. we may order the elements of F in a sequence F = {71, 72, ... , 7^}, so that the 
corresponding Hasse diagram is 

7i 72 ■ ■ ■ -> 7d- 

We see that now 

In + 1' 

(165) rank{g) = n, srank{Q) = 2d = 2 — - — . 
Furthermore, we have shown that the root systems for 7 G F are as follows 

(166) G^-^ = a„, 6^2 — '^n~2, ■ ■ ■ , 07fe = Cln-2fc+2, . . . , ©7^ = <^n-2d+2- 
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And now the possibilities for M are 

M = {7^} t 



d OT M 



Proposition 5.5. Let be a complexified weak semisimple hypercomplex pair and q 

sl{n + 1,C), n > 1. Then if n is odd and srank{t) = we have rank{Q) + srank{t) 
rank{ts) — srank{Q) = —1, otherwise rank{g) + srank{t) — rank{ts) — srank{Q) = 0. 



Proof. If M = 0. Then rank{ts) = and srank(ts) = 0, hence 

rank{Q) + srank{i) — rank{ts) — srank{Q) = n — 2 





n + 1 



if n is even 
if n is odd 

If M = {7fc}, where k = 2, . . . ,d. In this case A{ 



9^^, where k 



, d, hence by 



fll66p we have (we do not consider M = {71}, since t is a proper subalgebra of g): 



n-2k + 3 



srank{t) = srank{a. 

rank{is) = rank{sl{n — 2k + 3,C)) = n 
Using these formulas we compute: 



2k 



■ 2 
2. 



n + 1 



+ 2 -2k 



rank{Q) + srank{t) — rank{ts) — srank{Q) 



n 



n + l 



+ 2 -2k -in -2k + 2) 



n + l 



0. 



□ 



Remark 5.6. Let (g, t) he a complexified weak semisimple hypercomplex pair, s. t. q = sl{n+ 
1, C), n>l, and t is a semisimple subalgebra of g. Then t is isomorphic to s/(n + 3 — 2i, C) 
for some i G {2, . . . , d}, which is embedded in sl{n + 1, C) in terms of matrices as follows 



(167) 













A 













where A is {n + 3 — 2i)x[n + 3 — 2i) matrix and it is nested in a {n + l)x {n + 1) matrix. In 
this situation the real subalgebra = uflt zs isomorphic to su{n + 3 — 2i) and it is embedded 
in u = su{n + 1) in the same way. 



42 GEORGE DIMITROV AND VASIL TSANOV 

5.5. Semisimple hypercomplex pairs. 

Definition 5.7. A weak semisimple hypercomplex pair (a, b) will be called su-hypercomplex 
pair, if a = su{n + 1) , n > 2, b is of the type b = su{n + 3 — 2k), k>2,n-\-2> — 2k>Q, and 
b is embedded in a = su{n + 1) as shown in Remark \5.6[ f ll67p . 

Ifn is even we include the pairs with vanishing b, i. e. we allow in this definition b = {0}, 
if a = su{n + 1) with even n. 

The complexification of an su-hypercomplex pair will be called si -hypercomplex pair. 

From Proposition 15.51 we see that the pairs described here are indeed hypercomplex pairs 
(not just weak hypercomplex pairs). 

Taking into account this definition and Remark l5.6l we see that we may unite Propositions 
15. 2[ 15. 3[ 15. 4[ 15.51 in the following proposition 000 : 

Proposition 5.8. Let q be a complex simple Lie algebra and be a complexified weak 

semisimple hypercomplex pair. Then rank{Q) + srank{t) — rank{is) — srank{Q) < 0. 

Equality is attained iff {Qi^s) is a si -hypercomplex pair. (We recall that if t is abelian, we 
write = {0} ). 

Now we can prove the final theorem of this section: 

Theorem 5.9. Let (u, t„) be a semisimple hypercomplex pair with complexification 
Let u = Ui © ■ ■ ■ ©Up, where {Ui}^^i are the simple ideals of n. Then for i = 1, . . . ,p the pair 
(Uj, Ui n tu) is an su-hypercomplex pair and = (ui fl t„) © (u2 fl t^j) ■ ■ ■ © (Up fl 
In particular every semisimple hypercomplex pair is minimal i. e. 

rank{g) + srank{t) — rank{t) — srank{Q) = 0. 

Proof. Let P),M, A, At be as in Definition 13.51 and Lemma (3.31 applied for (u, and 
i. e. 

(168) « = «nf)+ 5^ 0(a); A( = |J 6^, 

(169) ranfc(g) + srank{t) > rank{t) + srank{g) > rank{is) + srank{Q), 

where we denote the semisimple part of t by ig (if ^ C f), then we write = {0}). 

Let Q = (B^^iQi be the decomposition of g into complex simple ideals and A = Uf^^Aj be 
the decomposition of A into irreducible root systems with positive roots {A^}^^^. Obviously 



^■^ In subsection 15.11 where the algebras so(4g) are considered, we start from q — 2. The reason is that 
so(4) = su(2) ©su(2). 

^^For deaUng with the cases g = 1 in Proposition 15 . 31 we recall that so (6) = Bu(4). 

^^From Proposition 15.51 we see that if (g,J) is a complexified weak semisimple hypercomplex pair with 
= sl{l + 1) (hence by definition Ms a proper subalgebra of g, which impose in this case srankit) = 0), then 
rank{Q) + srankit) — rank{ts) — srank{Q) < 0. That's why in the definition of su, resp. s[, hypercomplex 
pairs 15.71 we start from n — 2. 
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Qi is the complexification of u^. Besides 

p p 

(170) rank{Q) = '^^rank{gi) srank^g) = srank{Qi). 

i=l i=l 

Let for i = 1, . . . ,p 

(171) Mi = MnAi = y = Af^ n At 

and let C Qi be the minimal subalgebra of g, containing XlaeA fll*^)- Then obviously ti is 
semisimple, if it is not trivial, and (gj, €j) is complexified weak semisimple hypercomplex pair. 
Furthermore, tg is the minimal subalgebra of q, containing YlaeAi S('^) decomposed 
as follows ts = ®^=i^i, hence 

p p 

(172) rank{ts) = ^^ranfc(€j) srank{Vj = srank{ti). 

1=1 1=1 

From ffT69|) . flT70|) and flT72|) it follows that 

rank{g) + srank{i) — rank{ts) — srank{g) 

p 

= ^^ranfc(0j) + srank{ti) — rank{ti) — srank{Qi) > 0. 

i=l 

Since (g^, ^j) is complexified weak semisimple hypercomplex pair and Qi is simple for i G 
{l,...,p}, then from Theorem 15.81 and the inequality above it follows that all the pairs 
{Qi, ti) for i = 1, . . . ,p are s/-hypercomplex pairs and that 

rank{Q) + srank{t) — rank{ts) — srank{Q) 

p 

= '^^rank{Qi) + srank{ti) — rank{ti) — srank{Qi) = 0. 

i=l 

If ts was a proper subalgebra of t then we would obtain rank{ts) < rank{t) and this would 
give rank{Q) + srank{i) — rank{t) — srank{g) < rank{Q) + srank{i)—rank{ts) — srank{g) = 0, 
which contradicts fll69p . Therefore t = tg, i- e- ^ is semisimple, if it is non trivial, and 
t = ©f=iti = ©f=i(t n Qi). Recalling that Qi is the complexification of Uj and that t is the 
complexification of t^, we see that = ©f=i(€u HUj). Besides we showed that {Qi,ti) are 
s/-hypercomplex pairs, therefore (u^, iu H ^i) sire SM-hypercomplex pairs. The theorem is 
proved. □ 

Obviously, Theorem 15.91 shows that the semisimple hypercomplex pairs are exactly the 
direct sums of sw-hypercomplex pairs. 
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5.6. HC spaces. Here we shall give a list of all the simply connected, compact, hypercom- 
plex, homogeneous spaces (briefly HC-spaces). 

In Theorem 15. 91 we characterized the semisimple hypercomplex pairs. Here we shall prove: 

Theorem 5.10. Any HC space is associated with a semisimple hypercomplex pair. 

So, we are given a HC-space (M, Im, Jm)- Let G/ be the group of all biholomorphisms of 
the complex manifold (M, Im)- Bochner and Montgomery [3] have shown that G/ has a real 
analytic structure/ such that G/ is a Lie group and the action 

G/ X M ^ M (/, m) G G/ X M /(m) G M, 

is smooth. 

Let us denote G = {/ G G/|d/ o = Jm ° d/}. Obviously G is a subgroup of G/ and 
it is exactly the group of all hypercomplex diffeomorphisms of M. One can easily show that 
G is a closed subgroup of G/ and therefore it is a Lie subgroup of G/. Thus, the mapping 

GxM->M (/,m)H->/(m) 

is a smooth transitive action of G on M. 

By Montgomery (see [11]) we know that G contains a compact subgroup, say Uq, which 
acts transitively on M. Now from |16l p. 4] we conclude that the maximal semisimple 
subgroup of Uq, which we shall denote by U, acts transitively on M. Thus far, we obtained 
a semisimple, compact, connected Lie group U, which acts transitively by hypercomplex 
diffeomorphisms on M. It acts effectively also, since U C G. Hence we obtain that M is a 
coset of the type 

(173) U/K„ ~ M. 

Since M is simply connected then K^j is a connected subgroup. We denote the Lie algebras 
of U and by u and respectively. 

Lemma 5.11. Let u = Ui © U2 © ■ ■ • © Up be the decomposition of the compact Lie algebra 
u into simple ideals. Then for any i = 1, . . . ,k we may assume that fl Uj is a proper 
subalgebra ofUi. 

Proof. If for some i we have ^„ D Uj, for simplicity let us take i = 1, then let us denote by 
U' the connected subgroup of U generated by U2 © ■■■ © Up. Since U2 © ■ ■ ■ © Up is a compact 
semisimple Lie algebra, then U' is a compact subgroup of U. By m : U' — )■ U we shall 
denote the corresponding embedding. Now we consider the coset space U'/ (K„ fl U') and 
the map 

(174) cp : U7(K, n U') ^ U/K, m(K„ n U') ^ uKu. 

Let 7r' : U' — i- U'/ (KuflU') and vr : U — ?■ U/Ku be the corresponding projections. Obviously 
ipoTc' = TToin and (p is smooth injection. Furthermore, ip is regular. Indeed, let X G U2©- • ■© 
Up be such that dip{dTc'{X)) = 0, hence d7r(dm(X)) = 0, which implies X G {„n(u2©- • -©Up). 
Since the Lie algebra of fl U' is iu H (u2 © ■ ■ ■ © Up), then d7r'(X) = and the regularity 
of ip is proved. On the other hand, since Ui C then t„ = Ui © fl (u2 © • ■ ■ © Up), i. e. 
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dim(Ku n U') = dim{iu) — c?im(ui). Therefore dim{\J) — (iim(Ku) = c?im(u) — dim{iu) = 
dim{u) — dim{ui) — {dim{tu) — dim{ui)) = dim{\J') — dim(Ku H U'). Thus we see that 
dim{\J'/(Ku n U')) = dim{\J /K^u), hence (f is an open map, therefore it is surjective and 
therefore U' acts transitively on M as well as U. Therefore we may substitute U' for U. 
Now the validity of this lemma is obvious. □ 

By the main Theorem 14.431 (u, is a hypercomplex pair (see Definition 13.51) and M = 
U/Ku is associated with it (see Definition I3.15p . Furthermore, Lemma 15.111 shows that 
(u, tu) is a semisimple hypercomplex pair and Theorem 15.101 is proved. 

Now we can prove: 

Corollary 5.12. The HC spaces are exactly the coset spaces U/Ku, with the LIHCS, given 
in the following list: 

SU{ni + l)/SU{ni + 3 - 2ki) x SU{n2 + l)/SU{n2 + 3 - 2^2) x . . . 

■ ■ ■ X SU{ni + l)/SU{ni + 3 - 2ki) x SU{mi + 1) x SU{m2 + 1) x ■ ■ ■ x SU{mp + 1) 

where: 

• I +p>l,l,p eN; 

• Vi G {1, . . . , /} ni>2, ki>2, rii + 3 - 2ki > 0; 

• Vi G {1, . . . ,p} TUi e2N,mi>2; 

• for i G {1, . . . , /} SU{ni + 3 — 2ki) is embedded in SU{ni + 1) as shown in ( I167p . 

Proof. From Theorem 15.101 we see that any ifC-space (M, J^, Jm) is of the type M = 
U/Ku, where the Lie algebras u and t of U and K„ are such that (u, is a semi-simple 
hypercomplex pair and {Im,Jm) is a LIHCS on U/Ku, determined by hypercomplex 
structure (/, J) on (see Definition 13. 15p . Furthermore, the hypercomplex structure (/, J) 
on p„ is obtained by the method in subsection 13.21 

From Theorem 15.91 and the definition of SM-hypercomplex pair 15.71 we see that there is a 
coset U/Ku in our list, s. t. the Lie algebras of U, K„ are u, t, respectively. The space 
U/Ku together with the LIHCS on it obtained by left translation of (/, J) on pu throughout 
U/K„ give another HC space [U fKu, Iu/k, Ju/k) (see the end of subsection l3.2p PI. 

Since U, K^i are simply connected, then one can easily show that the identity map Id : 
(u, t) — )■ (u, £) extends to a hypercomplex smooth map (U/K„, Iu/k, Ju/k) (U/K„, Im^ Jm), 
furthermore this is a covering map. Since U/K^, U/K^ are both simply-connected, then 
this map is diffeomorphism. □ 
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